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WRAPPED FLOER COHOMOLOGY AND LAGRANGIAN
CORRESPONDENCES
YUAN GAO1
Abstract. We study Lagrangian correspondences between Liouville mani-
folds and construct functors between wrapped Fukaya categories. The study
naturally brings up the question on comparing two versions of wrapped Fukaya
categories of the product manifold, which we prove quasi-isomorphism on the
level of wrapped Floer cohomology. To prove representability of these func-
tors constructed from Lagrangian correspondences, we introduce the geometric
compositions of Lagrangian correspondences under wrapping, as new classes
of objects in the wrapped Fukaya category, which we prove to represent the
functors by establishing a canonical isomorphism of quilted version of wrapped
Floer cohomology under geometric composition.
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1. Introduction
Lagrangian Floer theory [FOOO09a] has laid the foundation from the symplectic
geometry side for Kontsevich’s celebrated Homological Mirror Symmetry Conjec-
ture, which predicts certain equivalence between A-model category (the Fukaya
category) and B-model category (derived category of coherent sheaves) for a mirror
pair of Calabi-Yau manifolds. The story has been extended to more general situ-
ations, including Fano manifolds, varieties of general type as symplectic manifolds
(for example the genus two curve in [Sei08]), and certain non-compact symplectic
manifolds (the punctured spheres in [AAE+13]). The corresponding B-model cat-
egories are typically triangulated category of singularities of a Landau-Ginzburg
potential.
Funtoriality properties are well established for B-model categories, usually de-
fined in algebro-geometric terms, for example derived pushforward/pullback (of
sheaves) associated to morphisms between the base varieties. Further thought on
homological mirror symmetry should provide some clue to understanding functorial
properties of Fukaya categories, and possibly proving functoriality of the homolog-
ical mirror symmetry itself. However, there are not many morphisms between
symplectic manifolds realized by maps in the usual sense, except for the very re-
strictive classes: symplectomorphisms, coverings and embeddings. To understand
functoriality of A-model categories, it is necessary to change the viewpoint from
morphisms to correspondences; the natural sources are Lagrangian correspondences
between symplectic manifolds.
In [WW10a], Wehrheim and Woodward study functors of Fukaya categories asso-
ciated to Lagrangian correspondences, in the case of compact monotone symplectic
manifolds and compact monotone Lagrangian correspondences. One of their main
results is that any compact monotone Lagrangian correspondence from M to N
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gives rise to an A∞-functor from the compact monotone Fukaya category F(M) of
M to the dg-category of A∞-modules over F(N) (technically, on the level of coho-
mology categories). It is expected that Lagrangian correspondences should give rise
to A∞-functors between compact unobstructed Fukaya categories, improving the
above-mentioned result. Moreover, with a lot of recent developments, the story is
expected to be extended to full generality for all unobstructed compact Lagrangian
correspondences. Part of the main ideas are discussed in [Fuk15], by using La-
grangian Floer theory for immersed Lagrangians, which is developed in [AJ10].
In the case of certain non-compact symplectic manifolds which satisfy appropri-
ate convexity conditions, there is a variant of Fukaya category, called the wrapped
Fukaya category, whose objects also include certain class of non-compact Lagrangian
submanifolds, and whose morphisms spaces. This is introduced in [AS10], [Abo10]
for Liouville manifolds. The objects of the wrapped Fukaya category W(M) of a
Liouville manifold are closed exact Lagrangian submanifolds in the compact part
of M , as well as non-compact exact Lagrangian submanifolds that are invariant
under the Liouville flow over the cylindrical ends, called conical Lagrangian sub-
manifolds. Compared to the Fukaya category of closed Lagrangian submanifolds
in M , the wrapped Fukaya category captures additional information about Reeb
dynamics on the contact manifold at infinity. From the standpoint of homological
mirror symmetry, the wrapped Fukaya category seems more suitable for the role of
A-model category for a non-compact symplectic manifold (see [AAE+13]) which is
mirror to coherent sheaves on the mirror variety/family.
Also, there are many interesting affine varieties that are related by quotients
or birational transformations. Some of these affine varieties appear as the divisor
complements of log Calabi-Yau pairs [Aur07], [GP16], [GHK15], [Pas13], for which
the structure of the symplectic cohomology and the wrapped Fukaya category can
be understood well to some extend. This motivates us to find a symplectic analogue
of the relations among these affine varieties in terms of Lagrangian correspondences,
and try to understand how their wrapped Fukaya categories are related.
In this series of reseach, we begin by concerning the foundational matters re-
garding A∞-functors between wrapped Fukaya categories from the viewpoint of
Lagrangian correspondences. The very first step is to adapt the quilted Floer
cohomology [WW10b], [WW10a] developed by Wehrheim-Woodward to our set-
ting. For each admissible Lagrangian correspondence L ⊂ M− × N in the sense
of wrapped Floer theory (Definition 3.9), the principle is that we should be able
to construct a canonical A∞-functor between wrapped Fukaya categories. To carry
out the construction, we introduce a quilted version of wrapped Floer cohomol-
ogy, whose definition is a straightforward modification of quilted Floer cohomology
[WW10b] with large Hamiltonian perturbation. However, there is one essential
difference: wrapped Floer theory in the product manifold involves certain class of
non-compact Lagrangian submanifolds, and there are certain issues with what ob-
jects can be and should be included. Such problems require careful inspection and
will be main portion of our discussion.
In this paper, we focus on foundational matters, while staying on the cohomology-
level. Chain-level refinements and the full A∞-structures will be dealt with in the
upcoming work [Gao]. Further applications will also be discussed there.
1.1. Floer theory in product manifolds. The story of Lagrangian correspon-
dences begins with studying Floer theory in product manifolds. There are several
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technical issues with wrapped Floer theory for the product symplectic manifold
M ×N . First, the standard definition of wrapped Floer cohomology depends cru-
cially on the convexity property of the symplectic manifold. However, the product
of two convex symplectic manifolds might no longer be convex. It is the reason for
which we consider only Liouville manifolds, which behave nicely under products -
the product of two Liouville manifolds is again a Liouville manifold, and is therefore
convex at infinity. Second, for the usual wrapped Floer theory to work, we need
to make a choice of a cylindrical end Σ × [1,+∞) for M × N . There is a natural
choice, as observed in [Oan06], which will be described in section 2.2. Third, the
sum of the chosen two admissible Hamiltonian functions HM,N = pi
∗
MHM +pi
∗
NHN ,
which we call the split Hamiltonian, is a priori not admissible. There is a similar
issue with the product almost complex structure JM,N = JM × JN . This is the
main obstacle to studying Floer theory in the product Liouville manifold, and has
been an annoying issue for quite a while. One of the main results of this paper is to
prove well-definedness of wrapped Floer cohomology in the product manifold and
show the following invariance property:
Theorem 1.1. Suppose L0,L1 are admissible Lagrangian submanifolds of M ×
N , i.e. they are either product Lagrangian submanifolds, or conical Lagrangian
submanifolds with respect to the cylindrical end Σ × [1,+∞). The wrapped Floer
cohomology with respect to the split Hamiltonian and the product almost complex
structure
HW ∗(L0,L1;HM,N , JM,N ),
and the one defined using an admissible admissible K and an admissible almost
complex structure J with respect to the cylindrical end Σ× [1,+∞)
HW ∗(L0,L1;K,J),
are both well-defined.
Moreover, given a split Hamiltonian HM,N and a product almost complex struc-
ture JM,N , there is an admissible Hamiltonian K and an admissible almost complex
structure J with respect to the cylindrical end Σ × [1,+∞), as well as a cochain
map
(1.1) R : CW ∗(L0,L1;HM,N , JM,N )→ CW ∗(L0,L1;K,J)
which respects the action filtration and induces an isomorphism on cohomology.
A problem of the same nature was considered in [Oan06] in which he studied the
Ku¨nneth formula for symplectic cohomology. We adapt his strategy and extend
the argument to the case involving Lagrangian submanifolds. However, there is
a small technical difference. In [Oan06] the definition of symplectic cohomology
uses linear Hamiltonians, so the split Hamiltonian is indeed admissible; however,
symplectic cohomology defined using linear Hamiltonians involves a limit, and it
is not clear that the double iterated limit is equivalent to a single limit. For the
purpose of defining a quilted version of wrapped Floer cohomology and carrying
out the chain level construction of A∞-structure in the wrapped Fukaya category,
it is more convenient to work with quadratic Hamiltonians, which do not involve
taking limits. But the difficulty is transferred to the non-admissibility of split
Hamiltonians, which we resolve in this paper. In addition to that, we also study
multiplication structures on wrapped Floer cohomology and prove the isomorphism
in Theorem 1.1 intertwines multiplication structures.
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Theorem 1.2. The action-restriction map R preserves the multiplication structure
on wrapped Floer cohomology. More concretely, there exists a cochain map
(1.2) R2 : CW ∗(L0,L1;HM,N )⊗ CW ∗(L0,L1;HM,N )→ CW ∗−1(L0,L1;K)
of degree −1 such that the following diagram
(1.3)
CW ∗(L1,L2;HM,N )⊗ CW ∗(L0,L1;HM,N ) m
2
−−−−→ CW ∗(L0,L2;HM,N )yR⊗R yR
CW ∗(L1,L2;K)⊗ CW ∗(L0,L1;K) m
2
−−−−→ CW ∗(L0,L2;K)
is homotopy commutative, with the cochain homotopy between the two possible com-
positions precisely given by R2.
An immediate corollary is the Ku¨nneth formula for wrapped Floer cohomology:
Corollary 1.3. Let L0, L1 ⊂ M and L′0, L′1 be conical Lagrangian submanifolds.
Then the wrapped Floer cohomology
HW ∗(L0 × L′0, L1 × L′1;K,J)
is well-defined with respect to any admissible Hamiltonian K and any admissible
almost complex structure J with respect to the cylindrical end Σ×[1,+∞) of M×N .
And there is a quasi-isomorphism
(1.4)
CW ∗(L0, L1;HM , JM )⊗ CW ∗(L′0, L′1;HN , JN )→ CW ∗(L0 × L′0, L1 × L′1;K,J),
where the differential on the left-hand side is the tensor product differential.
The statement of Ku¨nneth formula can be improved to an A∞-version, identify-
ing the A∞-tensor product of wrapped Fukaya categoriesW(M)⊗W(N) with that
of the product manifold W(M ×N), under additional assumptions. In particular,
all the A∞-structure maps are suitably packaged, and this equivalence respects such
structures. Such improvement will be discussed in [Gao].
1.2. Functors. One important output of the study of wrapped Floer theory in the
product M−×N is a quilted version of wrapped Floer cohomology for Lagrangian
correspondences, discussed in section 4. The quilted wrapped Floer cohomology is
defined HW ∗(L,L, L′) for the usual class of Lagrangian submanifolds L ⊂M,L′ ⊂
N and an admissible Lagrangian correspondence L ⊂M−×N . It allows us to build
an A∞-functor from W(M) to W(N)l−mod, the dg-category of left A∞-modules
over W(N), associated to an admissible Lagrangian correspondence L ⊂M− ×N .
While leaving the A∞-structures in the upcoming paper [Gao], we carry out the
construction on the level of cohomology categories in section 5.
Theorem 1.4. Associated to each admissible Lagrangian correspondence L ⊂
M− ×N , quilted wrapped Floer cohomology gives rise to a functor
(1.5) ΦL : H(W(M))→ l −Mod(H(W(N)))
to the category of left-modules over H(W(N)). Moreover, the construction is func-
torial in the product manifold M− × N , meaning that this can be improved to a
functor
(1.6) Φ : H(W(M− ×N))→ Func(H(W(M)), l −Mod(H(W(N))))
to the category of functors. In addition, both functors are cohomologically unital.
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Attempting to obtain a functor to the honest wrapped Fukaya category W(N),
we ask for representability of these functors, in the sense of [Fuk02]. The natural
candidate to represent the module-valued functor is the geometric composition of
Lagrangian correspondences. However, the geometric composition is not in general
a conical Lagrangian submanifold/correspondence even if we assume it is embedded.
Thus well-definedness of the wrapped Floer cohomology of the geometric compo-
sition is an essential difficulty. In section 6.2 we will explain well-definedness of
wrapped Floer cohomology of the geometric compositions, and prove isomorphism
of wrapped Floer cohomology under geometric composition.
Theorem 1.5. Suppose we are given Lagrangian submanifolds L ⊂M,L′ ⊂ N , as
well as an admissible Lagrangian correspondence L ⊂ M− × N . Suppose that the
geometric composition L ◦HM L is a properly embedded Lagrangian submanifold of
N . Then:
(i) There is a well-defined wrapped Floer cohomology group HW ∗(L◦HM L, L′),
whose underlying cochain complex CW ∗(L ◦HM L, L′) and differential are
defined as usual;
(ii) There is a quasi-isomorphism
(1.7) gc : CW ∗(L,L, L′)→ CW ∗(L ◦HM L, L′).
Based on these results, we are going to prove the representability of the module-
valued A∞-functors associated to Lagrangian correspondences in the upcoming
work [Gao], in which certain non-compact immersed Lagrangian submanifolds are
taken care of, and chain-level A∞-structures are constructed. This, combined with
an A∞-analogue of Yoneda lemma, will imply that we may regard these A∞-
functors as landing in W(N), up to quasi-isomorphism, as long as we allow certain
immersed Lagrangian submanifolds as objects.
Naturally, pushing the story one step further, we may want to study the composi-
tions of these functors as we have introduced geometric compositions of Lagrangian
correspondences. However, unlike in the case of compact Lagrangian submanifolds,
wrapped Floer theory in multiple products of Liouville manifolds encounters more
serious difficulty regarding classes of objects to be included, which have not yet
been overcome and can be topics of future research.
Acknowledgements. This work is part of a project during the author’s PhD stud-
ies at Stony Brook University. The author is grateful for his advisor Kenji Fukaya
for guidance and support, sharing his ideas in Lagrangian correspondences and mo-
tivating the project. The author would also like to thank Mark McLean for sharing
his knowledge on symplectic cohomology, and helpful conversations regarding cer-
tain technical issues in this work.
2. Geometry of Liouville manifolds and Lagrangian submanifolds
2.1. Liouville manifolds. Let (M,λ) be a Liouville manifold, that is, ω = dλ is
symplectic, and the vector field Z defined by
iZω = λ
generates a complete expanding flow.
For practical purposes, we assume that M is the completion of a Liouville domain
M0. That is, inside M there is an open submanifold int(M0) whose closure is a
compact manifold with boundary, such that Z points outward near ∂M0, and the
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flow of Z identifies M \ int(M0) with the positive symplectization ∂M0 × [1,+∞),
where ∂M0 is equipped with the contact form λ|∂M0 .
By abuse of notation, we write ∂M = ∂M0, and also
M = M0 ∪∂M ∂M × [1,+∞).
Denote by r the radial coordinate on ∂M × [1,+∞), so that over the cylindrical
end, λ = r(λ|∂M ). In such a case, we shall sometimes call M0 the interior part of
M (only in this paper), although this is not a standard terminology.
Let us make the following assumption on the Liouville form λ:
Assumption 2.1. All periodic Reeb orbits of λ|∂M on ∂M are non-degenerate.
This is a generic condition, and for such a choice of 1-form λ, there will be only
finitely many Reeb chords on ∂M shorter than any given constant.
2.2. Product Liouville manifolds. As noted before, the product M ×N of two
Liouville manifolds is again a Liouville manifold, carrying the product symplectic
form ω = ωM ⊕ ωN , the product Liouville form λ = λM × λN , and the product
Liouville vector field ν = νM ⊕ νN . Suppose that we have chosen cylindrical ends
for M and N individually. Then there is a natural choice of cylindrical end for
M ×N , as observed in [Oan06].
We consider the following three subsets of M ×N :
U1 = ∂M × [1,+∞)× ∂N × [1,+∞),(2.1)
U2 = M × ∂N × [1,+∞),(2.2)
U3 = ∂M × [1,+∞)×N.(2.3)
We still denote the radial coordinate on ∂M × [1,+∞) by r1, and that on ∂N ×
[1,+∞) by r2. Then r1, r2 can be thought of as functions on these regions (via pull
back). Let Σ be a hypersurface that is transverse to the Liouville vector field ν,
such that:
r1|Σ∩U3 ≡ α, r1|Σ∩U1 ∈ [1, α],
r2|Σ∩U2 ≡ β r2|Σ∩U1 ∈ [1, β]
for some α, β > 1. The reason that we choose α, β to be bigger than 1 is because
we do not want the hypersurface Σ to have corners (note ∂(M0×N0) = ∂M ×N0∪
M0 × ∂N has a corner because it is the boundary of the product of two manifolds
with boundary).
Let φs1M be the time-(ln s1) Liouville flow on M , and φ
s2
N be the time-(ln s2)
Liouville flow on N . Let int(Σ) denote the compact part that Σ separates from the
non-compact part of M ×N . Define a cylindrical end of M ×N by the following
parametrization:
(2.4) F : Σ× [1,+∞)→ (M ×N) \ int(Σ)
(2.5) F (z, r) = (φrM (piM (z)), φ
r
N (piN (z)).
2.3. Lagrangian submanifolds. The Lagrangian submanifolds we are going to
consider are either exact closed Lagrangian submanifolds in the interior of M or
non-compact exact Lagrangian submanifolds L that intersect ∂M transversely with
boundary l = ∂L = L ∩ ∂M being Legendrian submanifolds in ∂M , such that over
the cylindrical end, L ∩ ∂M × [1,+∞) is of the form l × [1,+∞). We call such a
8 YUAN GAO
non-compact Lagrangian submanifold a conical Lagrangian submanifold. These two
kinds of Lagrangian submanifolds are said to be admissible. We will mostly focus
on conical Lagrangian submanifolds since only they involve non-trivial wrapping.
Remark 2.2. More generally, we will allow some additional Lagrangian subman-
ifolds in the wrapped Fukaya category, and also call them admissible, in the sense
that wrapped Floer cohomology for those Lagrangian submanifolds are well-defined.
See section 6.2.
For a conical Lagrangian submanifold L, we choose a primitive fL for the re-
striction of λ to L, i.e. dfL = λ|L. Since λ vanishes on ∂L, we can choose fL such
that on the cylindrical end l × [1,+∞) of L the function fL is locally constant, in
particular independent of the radial coordinate r.
2.4. Spin structures and gradings. The coefficients for the wrapped Floer co-
homology groups of a pair of Lagrangian submanifolds will only be Z/2 if we do not
impose any conditions on the Lagrangian submanifolds. In order to have coefficients
being Z, we need to study orientations on various moduli spaces of pseudoholomor-
phic disks used in the definition of Floer cochain complexes. It is by now standard
that a choice of spin structures on relevant Lagrangian submanifolds determines
coherent orientations on all moduli spaces of (inhomogeneous) pseudoholomorphic
disks. For a proof, see Chapter 8 of [FOOO09b] for the compact case, and section
11 of [Sei08] for the exact case.
The relevant Floer cohomology groups a priori carry only a Z/2-grading. If
we desire a Z-grading, we need a trivialization of the square of the anti-canonical
bundle of M , as well as gradings on Lagrangian submanifolds. A choice of gradings
on relevant Lagrangian submanifolds determines Z-valued gradings on generators of
various Floer cochain complexes, i.e. integral lift of Maslov indices of Hamiltonians
chords between a pair of Lagrangian submanifolds. For this matter, also see section
11 of [Sei08].
Let us make the following assumption on the Lagrangian submanifolds in con-
sideration:
Assumption 2.3. 2c1(M,L) ∈ H2(M,L;Z) vanishes.
Under Assumption 2.3, L admits both spin structures and gradings. We will fix
a choice of spin structure and grading for every Lagrangian submanifold that we are
going to look at, and will not repeat this later. The reader is referred to [Sei08] or
[Abo10] for a discussion on the orientations on the moduli spaces of inhomogeneous
pseudoholomorphic disks and the signs they determine.
2.5. Hamiltonian functions. We will work with a restricted class of Hamiltonian
functions which have rigid behaviour near infinity.
Definition 2.4. A (time-independent) Hamiltonian H : M → R is called ad-
missible, if over the cylindrical end ∂M × [1,+∞), H depends only on the radial
coordinate, and is quadratic in the radial coordinate outside a compact set contain-
ing the interior M0, i.e. H takes the form H(y, r) = r
2 for r ≥ r0 for some number
r0 > 1. Denote by H(M) the space of admissible Hamiltonians.
The reason that we use time-independent Hamiltonians to setup wrapped Floer
theory is that it simplifies many estimates required for proving compactness results
for the relevant moduli spaces, in particular when we define the quilted version of
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wrapped Floer cohomology (sections 3.4, 4.3), and introduce geometric composi-
tions into wrapped Floer theory (section 6.2).
In practice, we may use a Hamiltonian H that is quadratic for r ≥ 1 + , and is
C2-small in the interior of M , takes values in [0, ] there with the C1-norm of H
in the interior of M also being in [0, ]. Additionally, on a collar neighborhood of
∂M in M , in particular at the level r = 1, we require the Hamiltonian takes values
between [−, ]. Moreover, we require the derivative of H with respect to r be less
than 2 , namely H does not grow too fast in [1, 1 + ]. The additional requirements
on admissible Hamiltonians will not affect the resulting Floer theory, up to quasi-
isomorphism, by a standard continuation argument. This works because it suffices
to interpolate the two almost complex structures on a compact set, so the usual
C0-estimates hold.
These additional conditions imply the following lemma, the proof of which is a
straightforward calculation.
Lemma 2.5. Let H be an admissible Hamiltonian satisfying the additional require-
ments described above, and XH its Hamiltonian vector field. The restriction of XH
on each level hypersurface ∂M ×{r} is 2r times the Reeb vector field. And for each
time-T XH-chord γ, we have
(1) If γ lies in the interior of M , then
(2.6)
∫ T
0
γ∗λM ≤ T;
(2) If γ is a Reeb chord on the level hypersurface ∂M×{r} for some r ∈ [1, 1+],
then
(2.7)
∫ T
0
γ∗λM ≤ 4T

;
(3) If γ is a Reeb chord on the level hypersurface ∂M ×{r} for some r ≥ 1 + ,
then
(2.8)
∫ T
0
γ∗λM = 2Tr2.
Now let L0, L1 be two conical Lagrangian submanifolds of M . We may also make
the following assumption on the admissible Hamiltonian H that we are going to
work with, which can be achieved in a generic situation.
Assumption 2.6. All time-one chords of H from L0 to L1 are non-degenerate.
2.6. Almost complex structures. One of the technical advantages of Liouville
manifolds in studying pseudoholomorphic curves and studying Floer theory is that
they are convex for a natural class of almost complex structures. These almost
complex structures are compatible with the symplectic structures, and over the
cylindrical end transform the Liouville vector field to Reeb vector fields on level
hypersurfaces ∂M × {R}, making ∂M as a convex boundary of M . Furthermore,
the restriction of such an almost complex structure to the hyperplane distribution
of the contact structure on each level hypersurface ∂M × {r} induces an almost
complex structure compatible with the symplectic structure on that hyperplane
distribution induced by the differential of the contact form. We call these almost
complex structures of contact type. This can be made concise by saying that J
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is of contact type if it is compatible with the symplectic structure and over the
cylindrical end it satisfies
(2.9) λM ◦ J = dr.
In fact, this condition can be loosen to the one which only requires the almost
complex structure to be of contact type away from a compact set. The Floer
theory defined using almost complex structures of the latter type will be quasi-
isomorphic to the one defined using the previous ones, by a standard continuation
argument, for the reason similar to that with Hamiltonians. We call this larger class
of almost complex structures admissible, and denote the space of all admissible
almost complex structures on M by J (M).
2.7. Floer’s equation over the strip. Suppose we are given an admissible Hamil-
tonian H as well as a one-parameter family of almost complex structures Jt of con-
tact type parametrized by t ∈ [0, 1]. For conical Lagrangian submanifolds L0, L1 of
M , and two time-one chords γ0, γ1 of XH from L0 to L1, we can consider Floer’s
equation:
(2.10)

u : Z = (−∞,+∞)× [0, 1]→M
∂su+ Jt(∂tu−XH) = 0
lim
s→−∞u(s, ·) = γ0(·), lims→+∞u(s, ·) = γ1(·)
u(s, 0) ∈ L0, u(s, 1) ∈ L1
In the third equation above, we require the convergence is exponentially fast in
|s|. This is equivalent to the condition that the solutions have finite energy. We
denote by M˜(γ0, γ1) the set of solutions to Floer’s equation as above, and call
it the (parametrized) moduli space of inhomogeneous pseudoholomorphic strips
(which we also call Floer trajectories) between γ0 and γ1. Since the equation
is invariant under translation in the s-variable, there is an R-action on M˜(γ0, γ1),
which is free whenever the solutions are not constant maps. We denote byM(γ0, γ1)
the quotient M˜(γ0, γ1)/R, and call it the (unparametrized) moduli space. The
following lemma regarding transversality is standard. However, since we are using
a time-independent Hamiltonian H, there does not seem to be a clear proof in the
literature, so we include one here.
Lemma 2.7. Suppose that dimM ≥ 4. For a generic one-parameter family of
admissible almost complex structures Jt, the moduli space M˜(γ0, γ1) is a smooth
manifold whose dimension is equal to deg(γ0)−deg(γ1). If dimM = 2, for a generic
one-parameter family of admissible almost complex structures and a generic one-
parameter family of Hamiltonians, the moduli space is a smooth manifold also.
Proof. There are three cases to consider.
(i) The moduli space consists of trivial solutions, i.e. those u satisfying du =
XH(u) identically. By a traditional trick of Gromov, this corresponds to
a constant pseudoholomorphic section of some locally trivial Hamiltonian
fibration with respect to a distinguished almost complex structure deter-
mined by J and H. For these solutions, the linearized Cauchy-Riemann
operator is the standard Cauchy-Riemann operator (perturbed by a con-
stant vector) with linear Lagrangian boundary conditions, which is then
surjective because the domain has genus zero.
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(ii) One of γ0, γ1 is a Hamiltonian chord in the interior of M , and u is non-
trivial. In this case, due to the convexity, u ∈ M˜(γ0, γ1) has to have image
entirely contained in the interior of M , in particular the other chord also
has to be inside the interior. Over there we are freely allowed to perturb
Jt, so is not difficult to show that the linearization of the universal Cauchy-
Riemann operator (including the almost complex structure as a variable)
is surjective. To set it up, let p > 2 and consider the universal Cauchy-
Riemann operator as a section of the Banach bundle E → B, where
(2.11)
B =
 (u, J)
∣∣∣∣∣∣∣∣∣∣

u : Z →M is of class L1,p, for some p > 2
u(s, 0) ∈ L0, u(s, 1) ∈ L1,
lim
s→−∞u(s, ·) = γ0(·), lims→+∞u(s, ·) = γ1(·),
J is an almost complex structure compatible with ω,

and the fiber of E over (u, J) ∈ B is
(2.12) E(u,J) = Lp(u∗TM ⊗J Λ0,1Z ).
The inhomogeneous Cauchy-Riemann operator is then regarded as a sec-
tion, denoted by ∂¯H , which sends (u, J) to
1
2 (du− dt⊗XH) + 12J ◦ (du−
dt⊗XH) ◦ j, where j is the fixed complex structure on the domain Z. The
linearization of this is then the following Fredholm operator:
(2.13) D(u,J)∂¯H : Y ⊕ L1,p(u∗TM ;u∗TL0, u∗TL1; )→ Lp(u∗TM ⊗J Λ0,1Z )
(2.14) D(u,J)∂¯H(Y, ξ) =
1
2
Y ◦ (du− dt⊗XH) ◦ j +Du∂¯J,H(ξ),
where Y is the tangent space of the space of compatible almost complex
structures, and ∂¯J,H is the inhomogeneous Cauchy-Riemann operator for
the single J and H. We want to prove that the universal linearized operator
D(u,J)∂¯H is surjective. Suppose the contrary. Then there exists a nonzero
η ∈ kerD∗u∂¯J,H , which is automatically smooth by elliptic regularity, and
vanishes at most at a discrete set of points, such that
〈Y ◦ (du− dt⊗XH) ◦ j, η〉 = 0.
But since u is not a trivial solution, du − dt ⊗ XH vanishes at most at a
discrete set of points on the domain. In particular, we can choose Y such
that at some point z ∈ Z which is not in the union of these two discrete
sets,
〈Yz ◦ (duz − dt⊗XH(u(z))) ◦ jz, ηz〉 6= 0.
This is a contradiction, which implies that D(u,J)∂¯H is surjective. Con-
sidering the projection kerD(u,J)∂¯H → J (M), we get the conclusion by
applying Sard-Smale theorem.
(iii) Both γ0, γ1 are Reeb chords contained in level hypersurfaces of the cylin-
drical end ∂M × [1,+∞), and they are contained in different levels, say
∂M×{a0} and ∂M×{a1}. In this case, we need a SFT-type transversality
argument. Over the cylindrical end the almost complex structure can be
assumed to be of contact type, which means that it is the direct sum of the
almost complex structure Jξ on the contact hyperplane distribution ξ of
the contact manifold ∂M with the standard conjugate complex structure
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on C = R2, where the first R factor is the Reeb direction. Therefore, writ-
ing u = (v, l) : Z → ∂M× [1,+∞) we can split this equation to a SFT-type
system of equations:
(2.15)

piξ(
∂v
∂s ) + Jξ ◦ piξ(∂v∂t ) = 0
∂l
∂s − piReeb(∂v∂t ) +H ′S(l) = 0
∂l
∂t + piReeb(
∂v
∂s ) = 0.
And there are boundary conditions for piξ(dv): the two boundary compo-
nents lie in the Lagrangian subbundles of ξ which are the tangent bundles
of the Legendrian submanifolds l0 and l1 respectively.
Suppose now dimM ≥ 4. Then the first equation is non-trivial, and is a
Cauchy-Riemann equation on the contact hyperplane distribution with La-
grangian boundary conditions, and Jξ can be any almost complex structure
compatible with the symplectic form on ξ, hence the linearized operator can
be made surjective by a generic choice of Jξ. Note this is true even if the
projection piξ(dv) is constant (namely when dv is contained in the Reeb di-
rection), because that reduces to the usual linear Cauchy-Riemann equation
with linear Lagrangian boundary conditions.
In order to prove that the linearization of the full equation can be made
surjective by generic choice of Jξ, we need to show that the component of
the linearization in the R2-direction is indeed regular, because writing down
the linearization explicitly shows that there is nothing to perturb. Let us
try to solve the equation
Du∂¯J,H(η) = 0.
Let us write η = (ηξ, ηReeb, ηr) as the decompositon according to the de-
composition of the tangent bundle of ∂M × [1,+∞). As indicated above,
the component in ξ can be made surjective, so we obtain some solution ηξ
of Sobolev class L1,p, which is in fact in Lk,p for any k by elliptic boot-
strapping. The remaining component of the equation has the form:
(2.16)

∂ηr
∂s − ∂ηReeb∂t + 2ηr + f(ηξ) = 0
∂ηr
∂t +
∂ηReeb
∂s + g(ηξ) = 0
ηReeb(s, 0) = 0
ηReeb(s, 1) = 0
where f(ηξ), g(ηξ) are functions of ηξ depending only on the contact struc-
ture on ∂M , as well as on the point u where we linearize the equation, and
are in fact polynomial in ηξ, but do not depend on the derivatives of it.
For s 0, ηξ decays exponentially in s, because of the Sobolev condition.
By elementary method in PDE (for example using Fourier series), the only
solution has exponential growth with the same rate at both +∞ and −∞,
and hence is not of class Lk,p for any k, p.

As a consequence, the unparametrized moduli spaceM(γ0, γ1) is a smooth man-
ifold of dimension deg(γ0)−deg(γ1)−1 whenever the R-action is free, otherwise the
parametrized moduli space consists of constant maps andM(γ0, γ1) is regarded as
empty.
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We introduce a (partial) compactification ofM(γ0, γ1) by adding strata consist-
ing of broken strips:
(2.17) M¯(γ0, γ1) =
∐
M(γ0, θ1)×M(θ1, θ2)× · · · ×M(θk−1, θk)×M(θk, γ1).
Because the symplectic manifold M is exact, and the Lagrangian submanifolds
L0, L1 are exact, there cannot be any sphere bubbling or disk bubbling. The maxi-
mum principle implies that this is indeed a compactification. However, the method
of proof we are going to use is slightly different, though essentially equivalent.
Lemma 2.8. For a generic one-parameter family of admissible almost complex
structures Jt, M¯(γ0, γ1) is a compact manifold with boundary and corners of di-
mension deg(γ0) − deg(γ1). The codimension one boundary stratum is covered by
images of the natural inclusions
M(γ0, θ1)×M(θ1, γ1)→ M¯(γ0, γ1)
Proof. This is a direct consequence of the action-energy equality, which expresses
the energy of a pseudoholomorphic strip between two chords in terms of the action
of these two chords:
(2.18)
∫
Z
1
2
|du−XH(u)|2 = AH,L0,L1(γ0)−AH,L0,L1(γ1)
It follows that there cannot be pseudoholomorphic strips escaping to infinity, be-
cause the energy of the pseudoholomorphic strips between given two chords is fixed
by the action of them. On the other hand, once γ0 and γ1 are fixed, there can only
be finitely many non-trivial broken strips, because each non-trivial pseudoholomor-
phic strip picks up some energy which is positive and uniformly bounded from below
by a constant which depends only on the background geometry - the symplectic
manifold, the Lagrangian submanifolds and the Hamiltonian function. Moreoever,
there cannot be sphere bubbles or disk bubbles as mentioned before. 
However, the set of XH -chords between L0 and L1 is in general infinite. But still
we have the following finiteness result, which also follows from the action-energy
equality.
Lemma 2.9. For each time-one XH-chord γ1 from L0 to L1, the compactified
moduli space M¯(γ0, γ1) is empty for all but finitely many chords γ0.
The above two lemmata are the key geometric ingredients that ensure finiteness
in the definition of Floer’s differential, the statements and most of the ideas of
which, except the SFT-type argument, are learned from [Abo10], [AS10].
3. Wrapped Floer cohomology
3.1. Basic definition. Let us briefly recall the definition of wrapped Floer co-
homology, basically taken from [Abo10]. We include it here for the convenience
of the reader, and use it to fix notations. Given a pair of admissible Lagrangian
submanifolds L0, L1, we define a graded Z-module:
(3.1) CW ∗(L0, L1;H,Jt) =
⊕
γ∈X (L0,L1;H)
Z|oγ |
where X (L0, L1) is the set of all time-one H-chords from L0 to L1, and |oγ | is the
canonical orientation line associated to the chord γ, (see [Seidel]).
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This as a graded module is in fact independent of Jt. We then define a dif-
ferential m1 = m1H,Jt on CW
∗(L0, L1;H,Jt) by counting isolated elements in the
moduli space of inhomogeneous pseudoholomorphic strips. More precisely, we con-
sider the case where deg(γ0) = deg(γ1) + 1. Using the orientation on the moduli
space M(γ0, γ1) determined by the chosen spin structures on the Lagrangian sub-
manifolds, we obtain an isomorphism oγ1 → oγ0 . We denote by m1u : |oγ1 | → |oγ0 |
the induced map on orientation lines, and define
(3.2) m1 : CW i(L0, L1;H,Jt)→ CW i+1(L0, L1;H,Jt)
(3.3) m1([γ1]) = (−1)i
∑
u∈M¯(γ0,γ1)
deg(γ0)=deg(γ1)+1
m1u([γ1]).
By Lemma 2.9, the sum is finite. The fact that m1 squares to zero comes
from the structure of the boundary of one-dimensional moduli space, described in
Lemma 2.8, plus a standard gluing argument. We call the resulting cohomology
group the wrapped Floer cohomology of L0, L1 with respect to (H,Jt) and denote
it by HW ∗(L0, L1;H,Jt). The wrapped Floer cochain complex does not depend on
admissible (H,Jt) up to canonical chain homotopy up to higher chain homotopies,
the proof of which uses continuation maps. Thus the wrapped Floer cohomology is
independent of admissible pairs (H,Jt).
Remark 3.1. From now on, when we define various kinds of moduli spaces, we
always start with one-parameter families of almost complex structures that are of
contact type. Instead of emphasizing this point every time, we will only denote
them as J, JM , JN , etc. But these symbols should be understood as one-parameter
families of almost complex structures parametrized by t ∈ [0, 1], unless otherwise
specified.
3.2. Multiplicative structure. We review the multiplicative structure on wrapped
Floer cohomology. The chain level operation (which is in general not necessarily
associative)
(3.4) m2 : CW ∗(L1, L2;H,Jt)⊗ CW ∗(L0, L1;H,Jt)→ CW ∗(L0, L2;H,Jt)
is defined to be the composition of
(3.5)
CW ∗(L1, L2;H,Jt)⊗ CW ∗(L0, L1;H,Jt)→ CW ∗(φ2L0, φ2L1; H
2
◦ φ2, (φ2)∗Jt)
with
(3.6) CW ∗(φ2L0, φ2L1;
H
2
◦ φ2, (φ2)∗Jt)→ CW ∗(L0, L2;H,Jt)
where the first map is defined by counting inhomogeneous pseudoholomorphic tri-
angles, and the second map is induced by conjugating by the Liouville flow, which
is an isomorphism. Both maps are cochain maps. See [Abo10] for the original
construction of all A∞-structure maps, but let us review some of the definitions to
fix terminology and notations we shall use.
Let φs be the time-(ln s) Liouville flow. We first consider the map (3.5), whose
definition uses pseudoholomorphic triangles. Let S be a disk with three boundary
punctures ξ0, ξ1, ξ2 where ξ0 is a negative puncture while the other two are positive
punctures. We then need to choose a smooth function ρS : ∂D
2 → [1, 2] which is 1
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near ξ1, ξ2 and is 2 near ξ0. We call such a function a time-shifting function. Let
H(M) denote the space of admissible Hamiltonians on M , and J (M) the space of
admissible almost complex structures on M . The definition of the inhomogeneous
pseudoholomorphic triangles also involves additional data as described below.
Definition 3.2. A Floer datum for S consists of
(a) A basic one-form αS on S, which is closed (dαS = 0) and vanishes on the
boundary of S, and whose pullback by k is 2dt if k = 0, and dt if k = 1, 2;
(b) A S-dependent family of admissible Hamiltonians on M , i.e. a smooth map
HS : S → H(M), whose pullback under k agrees with H4 ◦ φ2 if k = 0, and
with H if k = 1, 2;
(c) A S-dependent family of admissible almost complex structures on M , i.e. a
smooth map JS : S → J (M), whose pullback under k agrees with (φ2)∗Jt
if k = 0, and with Jt if k = 1, 2.
Let M2(γ0; γ1, γ2) be the moduli space of inhomogeneous pseudoholomorphic
maps u : S →M which satisfies the following conditions:
(3.7)

(du− αS ⊗XHS )0,1 = 0
u(z) ∈ φρS(z)L0 if z ∈ ∂S lies between ξ0 and ξ1
u(z) ∈ φρS(z)L1 if z ∈ ∂S lies between ξ1 and ξ2
u(z) ∈ φρS(z)L2 if z ∈ ∂S lies between ξ2 and ξ0
lim
s→−∞u ◦ 
0(s, ·) = φ2γ0(·)
lim
s→+∞u ◦ 
k(s, ·) = γk(·) if k = 1, 2.
In the above equation, the (0, 1)-part of the differential is defined with respect
to the complex structure on S and the S-parametrized family of almost complex
structures JS on M . We have the following transversality result :
Lemma 3.3. For a generic family of admissible almost complex structures JS as
part of the Floer datum defined in Definition 3.2, the moduli space M2(γ0; γ1, γ2)
is a smooth manifold of dimension deg(γ0)− deg(γ1)− deg(γ2).
Proof. If one of the chords lie in the interior of M , then the proof argues with the
linearization of the universal Cauchy-Riemann operator, in which JS is regarded
as a variable. It is not difficult to show that this universal Fredholm operator is
surjective, essentially because we are allowed to perturb J in the interior of M in an
arbitrary way (unlike the case that J has to be of contact-type over the cylindrical
end), then a Sard-Smale argument finishes the proof. We omit the detail here,
which is in fact the same as the proof given for Lemma 2.7.
If all the chords γ0, γ1, γ2 lie in the cylindrical end where the almost complex
structures are only allowed to be perturbed in the space of admissible (or more
restrictively contact-type) almost complex structures, it is not clear a priori the
universal Fredholm operator is still surjective. For this we need a SFT-type as
in the proof of Lemma 2.7. Since all the three chords lie in the cylindrical end,
the inhomogeneous pseudoholomorphic triangle u must be also contained in the
cylindrical end, because the collar neighborhood of ∂M in the interior of M is
concave. So in the inhomogeneous Cauchy-Riemann equation that u satisfies, the
almost complex structure is of contact type, which means that it is the direct sum
of the almost complex structure Jξ on the contact hyperplane distribution ξ of the
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contact manifold ∂M with the standard conjugate complex structure on C = R2,
where the first R factor is the Reeb direction. Therefore, writing u = (v, l) : S →
∂M × [1,+∞) we can split this equation to a SFT-type system of equations:
(3.8)
{
piξ(dv) + Jξ ◦ piξ(dv) ◦ jS = 0
dl − piReeb(dv) ◦ j + αS ◦ jS ⊗H ′S(l) = 0.
Here piξ : T (∂M)→ ξ is the projection to the contact hyperplane distribution, and
piReeb : T (∂M) → ∂M × R is the projection to the Reeb direction. Following the
same kind of SFT-type argument as in the proof of Lemma 2.7 by going to strip-
like ends, we obtain the desired conclusion. In this case, that is the domain is a
disk with three or more boundary punctures, the proof even also works directly for
dimension two. This is because we have used a generic domain-dependent family of
almost complex structures that can vary freely away from the strip-like ends, and
consequently multiply-covered solutions will never appear. 
Since there cannot be sphere bubbles or disk bubbles, the moduli spaceM2(γ0; γ1, γ2)
has a natural compactification M¯2(γ0; γ1, γ2) whose codimension one boundary
stratum is covered by∐
M(θ0, γ0)×M2(θ0; γ1, γ2) ∪
∐
M2(γ0; θ1, γ2)×M(γ1, θ1)
∪
∐
M2(γ0; γ1, θ2)×M(γ2, θ2).
(3.9)
M¯2(γ0; γ1, γ2) is a compact manifold, because we have a similar result to Lemma
2.9, which in this case says that for a fixed pair (γ1, γ2), the moduli spaceM2(γ0; γ1, γ2)
is empty for all but finitely many γ0.
The compactness result uses the following action-energy equality
(3.10)
∫
S
1
2
|du−αS⊗XS |2 = AH
2 ◦φ2(φ
2γ0)−AH(γ1)−AH(γ2)+(curvature term)
where the curvature term is
∫
S
u∗HSdαS in general, which is in fact zero here by
our choice of αS being closed. Using this, and by an argument that is completely
similar to the ones for Lemma 2.8 and Lemma 2.9.
3.3. The cohomological unit. It is well-known that cohomology-level multipli-
cation on wrapped Floer cohomology has a unit. For the convenience of the reader,
and also for the purpose of using the representative explicitly later in the proof of
Theorem 1.5, we include a description here. To save notations we consider the case
of a single Lagrangian submanifold L, and the multiplication:
m2 : HW ∗(L,L)⊗HW ∗(L,L)→ HW ∗(L,L).
The unit eL ∈ HW 0(L,L) for the multiplication is the image of 1 ∈ H0(L) under
the canonical map
(3.11) PSS : H∗(L)→ HW ∗(L,L),
called the Piunikhin-Salamon-Schwarz (PSS) homomorphism, which is defined as
follows. Consider the disk with one negative boundary puncture D2\{−1}. Choose
a strip-like end − : (−∞, 0]×[0, 1]→ D2\{−1} near the puncture. Choose a family
of Hamiltonians Hz depending on z ∈ D2 \ {−1}, which agrees with H over the
strip-like end, and vanishes in a neighborhood of 1 ∈ ∂D2, and moreover away from
this neighborhood is admissible for all z. Also, choose a family of admissible almost
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complex structures Jz depending on z ∈ D2 \ {−1} which agrees with Jt over the
strip-like end. We will see that admissibility condition is in fact irrelevant. Given
an H-chord γ, and a locally finite chain P ⊂ L (we fix a smooth triangulation of
L at the beginning) which can be taken to be represented by an oriented piecewise
linear submanifold, we consider the parametrized inhomogeneous Cauchy-Riemann
equation:
(3.12)

(du−XHz ⊗ dt)0,1 = 0
u(∂(D2 \ {−1})) ⊂ L
lim
s→−∞u ◦ −(s, ·) = γ(·)
u(1) ∈ P
for smooth maps u : D2 \ {−1} → M . Note that although dt does not extend
across the point 1 ∈ ∂D2, the Hamiltonian Hz vanishes in a neighborhood of 1 in
D2 \ {−1}, so the above equation still makes sense. Alternatively, one may use a
different one-form on D2, which is only sub-closed, and vanishes on the boundary.
This is a minor issue which will not affect the definition of the cochain map, up
to homotopy. Let MPSS(γ;P ) be the moduli space of solutions to the equation
(3.12). The following is a transversality result for this moduli space, whose proof
is similar to that of Lemma 2.7.
Lemma 3.4. For a generic family of almost complex structures Jz, the moduli
space MPSS(γ;P ) is a piecewise linear manifold of dimension deg(γ)−n+ dimP .
Proof. The only difference from the conclusion by standard transversality argument
is that our moduli space is only a piecewise linear manifold. This is because without
the condition u(1) ∈ P , the resulting moduli space is a smooth manifold, and we
perturb the almost complex structures further such that the evaluation map from
that moduli space at the boundary marked point 1 is transverse to the piecewise lin-
ear submanifold P . Of course, if P were represented by a smooth submanifold, the
moduli spaceMPSS(γ;P ) would be a smooth manifold. But there are obstructions
to representing integral homology classes by smooth submanifolds. 
Remark 3.5. If we are only concerned with the cohomological unit, we only have to
consider the case where P is the (locally finite) fundamental chain [L] of L, which
is represented by the smooth manifold L itself. In that case, the resulting moduli
space is a smooth manifold, after generic perturbation.
Using a Morse complex for certain Morse function on L, or pseudocycles to
compute the cohomology H∗(L) would resolve the problem of the moduli space not
a priori being a smooth manifold. But piecewise linear manifolds are fine for our
purpose, because we will only use zero-dimensional and one-dimensional moduli
spaces.
There is a natural compactification M¯PSS(γ;P ) of the moduli spaceMPSS(γ;P )
whose codimension one stratum is covered by:
(3.13) M(γ, γ′)×MPSS(γ′;P )
∐
MPSS(γ; ∂P )
It can be proved that M¯PSS(γ;P ) is a compact piecewise linear manifold with
boundary and corners, but the proof is somewhat cumbersome and we do not quite
need it. We only need the result for zero-dimensional and one-dimensional moduli
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spaces, which is straightforward. In particular, the zero-dimensional moduli space
MPSS(γ;P ) is compact, where deg(γ) = n− dimP .
We also have the following finiteness result.
Lemma 3.6. For any locally finite chain P of L, the compactified moduli space
M¯PSS(γ;P ) is empty for all but finitely many H-chords γ.
Proof. Note that for any P , MPSS(γ;P ) is empty unless the relative homotopy
class of the map γ : ([0, 1], {0}, {1}) → (M,L,L) is trivial, i.e. the same as a
constant map [0, 1]→ L, in the space P(M,L,L) of paths in M with the two ends
in L. Reeb chords on the level hypersurfaces do not have trivial relative homotopy
class. Therefore the possible outputs γ can only be Hamiltonians chords contained
in the interior of M , and there are finitely many of them. 
We consider the zero-dimensional moduli space MPSS(γ;P ), namely the case
deg(γ) = n− dimP . Each u ∈MPSS(γ;P ) induces a map of orientation lines:
(3.14) PSSu : |oP | → |oγ |,
Then we define:
(3.15) PSS : Clfn−∗(L)→ CW ∗(L,L)
(3.16) PSS(P ) =
∑
u∈MPSS(γ;P )
deg(γ)=n−dimP
PSSu(P ).
By Lemma 3.6, the sum is finite, and therefore PSS is well-defined. Studying
one-dimensional moduli space, plus a simple case of the much more involved glu-
ing argument dealing with pseudoholomorphic curves and ambient chains together
presented in [FOOO12], shows that PSS is a cochain map, and thus induces the
desired map on cohomology (3.11), via the non-compact Poincare´ duality
H lfn−∗(L) ∼= H∗(L).
The construction of PSS homomorphism is quite classical, and there are other
versions using different chain models on L in which this kind of mixed-type gluing
argument as in [FOOO12] is not required. But we find it pictorially clear to use
simplicial chains on L to describe the behavior of this map. Of course, all versions
are equivalent, on the level of cohomology.
We then define eL = PSS([L]) ∈ HW 0(L,L). By modifying H slightly if neces-
sary, we may assume that eL is represented by a unique H-chord γmin from L to
itself that has index zero. Another interpretation is that this chord corresponds to
the unique minimum of H|L, which on the other hand corresponds to the unique
degree zero intersection point of L ∩ φHL in the interior of M . Moreover, we can
arrange that its action is the biggest among all chords (recall all Reeb chords have
sufficiently negative action). On the other hand, for any  > 0, we may choose an
admissible H that is C2-small in the interior such that the absolute value of the ac-
tion of γmin is less than . Note that we cannot ensure that this chord has positive
action, because of the presence of the terms involving the primitive fL, unlike the
case of symplectic cohomology whose underlying cochain complex is generated by
closed periodic orbits. But most of the estimates still go through. In particular, it
is easy to see that eL is a unit for the multiplication m
2 on the level of cohomology.
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Lemma 3.7. For any [γ] ∈ HW ∗(L,L), we have that
(3.17) m2(eL, [γ]) = [γ] ∈ HW ∗(L,L).
Proof. Consider the three punctured disk used to define multiplication structure on
wrapped Floer cohomology. At the first positive puncture we put the asymptotic
condition γmin which represents eL, and at the second positive puncture we put the
asymptotic condition γ. Recall that near the negative puncture, we have applied
the time-(ln 2) Liouville flow to the Lagrangian submanifolds and the asymptotic
Hamiltonian chord. Requiring that the inhomogeneous pseudoholomorphic trian-
gle converges to φ2γ′ as a chord from φ2L to itself, we obtain the moduli space
M(γ′; γmin, γ) of inhomogeneous pseudoholomorphic triangles. In order for this
moduli space to be of dimension zero, we must require that deg(γ) = deg(γ′).
Then the key point is that in our construnction of eL, we have an inhomoge-
neous pseudoholomorphic map D2 \ {−1} → M which converges to γmin over the
negative strip-like end near the puncture −1. We may glue this to the triangle
at the first positive puncture, and obtain a disk with one positive puncture and
one negative puncture. The fact that the marked point 1 on D2 \ {−1} is mapped
to the fundamental chain of L shows that there is no constraint on that marked
point, which means after gluing we obtain an inhomogeneous pseudoholomorphic
strip with moving boundary and domain-dependent Floer datum, connecting γ and
φ2γ′. Therefore, we see that the moduli space M(γ′; γmin, γ) ×MPSS(γ0, [L]) is
cobordant to the moduli space defining the continuation map with a perturbed
family of Hamiltonians converging to the same H over both strip-like ends.
If γ, γ′ correspond Reeb chords on level hypersurfaces, then they must be on the
same level because they have the same Conley-Zehnder index while being connected
by a continuation strip, as all such chords are isolated. This forces them to have the
same action, because the Hamiltonian H depends only on the radial coordinate r
and the primitive fL for L is locally constant over the cylindrical end. By the action-
energy equality (3.10) applied to the inhomogeneous pseudoholomorphic triangle,
we see that there is not enough energy for γ to be different from γ′ for there to
exist a non-constant continuation strip. If γ, γ′ are Hamiltonian chords in the
interior, then the standard homotopy method for continuation map also shows that
[γ] = [γ′] ∈ HW ∗(L,L). 
A completely parallel argument shows that eL is also a right cohomological unit.
In fact, the same proof implies that this element eL is a cohomological unit for the
triangle products
(3.18) m2 : HW ∗(L,L)⊗HW ∗(L,L′)→ HW ∗(L,L′)
and
(3.19) m2 : HW ∗(L′, L)⊗HW ∗(L,L)→ HW ∗(L′, L)
for any admissible L′.
Remark 3.8. The description of the cohomological unit eL does not say that it is
nonzero, and the PSS homomorphism does not have to be injective or surjective.
There are examples where HW ∗(L,L) vanishes, so in particular eL = 0. There
could be differentials coming from degree −1 generators in CW ∗(L,L) killing the
representative of eL, while in simplicial homology there are no simplicial chains of
negative dimension.
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3.4. Admissible Lagrangian submanifolds in the product. In some sense,
the main concern of this paper is with the wrapped Floer cohomology in the prod-
uct Liouville manifold M × N . The fact that the Lagrangian submanifolds in
consideration are in general non-compact brings up a lot of complication and diffi-
culty. For this reason we restrict to specific classes of Lagrangian submanifolds in
the product M ×N .
Definition 3.9. A Lagrangian submanifold L ⊂ M × N is called admissible for
wrapped Floer thoery, if it is one of the following kind:
(i) either a conical Lagrangian submanifold L with respect to the natural cylin-
drical end Σ× [1,+∞);
(ii) or a product L× L′ of conical Lagrangian submanifolds L ⊂M,L′ ⊂ N .
We will later allow wider classes of Lagrangian submanifolds when studying
geometric compositions of Lagrangian correspondences, but focus on the above
classes throughout this section.
In this subsection, we discuss the first class of Lagrangian submanifolds. Ob-
viously, the wrapped Floer cohomology HW ∗(L0,L1;K,J) for a pair of conical
Lagrangian submanifolds with respect to the quadratic Hamiltonian K and the
contact-type almost complex structure is well-defined. Thus the only thing to be
discussed is the wrapped Floer cohomology of (L0,L1) with respect to the split
Hamiltonian HM,N and the product almost complex structure JM,N . This would
require the study of the structure of the moduli space of inhomogeneous pseudo-
holomorphic strips as usual. While transversality is not a problem for us because
of the introduction of time-dependent perturbations (in other words one-parameter
families) of the almost complex structures, compactness is not a priori guaranteed.
We need to prove:
(i) For fixed HM,N -chords γ0, γ1 from L0 to L1, the bordified moduli space
M¯(γ0, γ1) of inhomogeneous pseudoholomorphic strips connecting γ0 to γ1
is compact;
(ii) For fixed γ1, M¯(γ0, γ1) is non-empty for all but finitely many γ0’s.
The first follows from the standard argument based upon the action-energy equal-
ity (2.18) since the Lagrangians L0,L1 are exact.
The second requires further detailed estimate on the energy of inhomogeneous
pseudoholomorphic strips. Consider any HM,N -chord γ from L0 to L1. Writing
γ = (x, y) its components in M and N , we deduce that x satisfies the Hamilton’s
equation for the Hamiltonian vector field XHM , while y satisfies the Hamilton’s
equation for the Hamiltonian vector field XHN . We may then compute its action
to be
(3.20)
AHM,N ,L0,L1(γ) =
∫ 1
0
−x∗λM−y∗λN+HM (x(t))dt+HN (y(t))dt+fL1(γ(1))−fL0(γ(0)).
Let us estimate the action in the following four cases:
(i) x lies in the interior part (the compact domain) of M , and y lies in the
interior part of N . By choosing the Hamiltonian HM (and HN respectively)
to be C2-small in the interior part of M (and respectively N), we can ensure
that
(3.21) |AHM,N ,L0,L1(γ)| ≤ C,
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for some small constant C depending only on the geometry of the Liouville
manifolds M,N , the Lagrangian submanifolds, and the chosen Hamiltoni-
ans HM , HN .
(ii) x lies in the cylindrical end ∂M × [1,+∞) of M , while y lies in the interior
part of N . Since x satisfies the Hamilton’s equation for XHM , it must lie
on some hypersurface ∂M × {R1} for some R1. The two integral terms
involving x contribute −R21, while the rest two terms satisfy
(3.22) |
∫ 1
0
−y∗λN +HN (y(t))dt| ≤ C ′,
for some universal constant C ′. Suppose R1 is large enough (slightly bigger
than 1) so that ∂M × {R1} × N is contained in Σ × [1,+∞). Since the
Lagrangian submanifolds L0,L1 are conical with respect to Σ × [1,+∞),
the primitives fL0 , fL1 are locally constant there. Thus
(3.23) fL1(γ(1))− fL0(γ(0)) = D
for some constant D independent of γ and depending only on the chosen
primitives.
(iii) x lies in the interior part of M , while y lies in the cylindrical end ∂N ×
[1,+∞) of N . For the same reason, y lies on some hypersurface ∂N×{R2}.
This time, the two integral terms involving y contribute −R22, while the rest
two terms satisfy
(3.24) |
∫ 1
0
−x∗λM +HM (x(t))dt| ≤ C ′.
Again, the primitives contribute a universal constant D.
(iv) x lies in ∂M × [1,+∞), and y lies in ∂N × [1,+∞). Thus x is located on
∂M ×{R1} for some R1, and y is located on ∂N ×{R2} for some R2. The
four integral terms contribute −R21 − R22, while the primitives contribute
the same constant D.
The crucial observation is that, as either R1 or R2 (or both) increases, the action
eventually decreases, and goes to −∞ as either one of R1, R2 → +∞.
Now we are ready to prove the second compactness result. Suppose on the
contrary for fixed γ1 there are infinitely many γ0’s for which M¯(γ0, γ1) is non-
empty. Since the Hamiltonians HM , HN are generic and non-degenerate, and the
Reeb dynamics are assumed to be non-degenerate on both contact manifolds ∂M
and ∂N , there must be one (and in fact infinitely many) such γ0 = (x0, y0) so
that either x0 or y0 lies in the corresponding cylindrical end. Let us assume that
is the case with x0, which lies on ∂M × {R1} for a large R1. Then the action
AHM,N ,L0,L1(γ0) satisfies:
(3.25) −R21 − C ′ +D ≤ AHM,N ,L0,L1(γ0) ≤ −R21 + C ′ +D,
which is sufficiently negative as long as R1 is sufficiently large. Then the action-
energy equality (2.18) applied to this case implies any u ∈ M¯(γ0, γ1) has negative
energy, which is of course impossible. This contradiction implies there can be only
finitely many such γ0’s.
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3.5. Products of Lagrangian submanifolds. We now consider the wrapped
Floer cohomology of product Lagrangian submanifolds L×L′ in M ×N . Wrapped
Floer cohomology for product Lagrangian submanifolds L × L′ in M × N with
respect to the split Hamiltonian HM,N and the product almost complex structure
JM,N is easily defined as it amounts to wrapped Floer cohomology of the factors.
Thus the major task is to define the wrapped Floer cohomology of product La-
grangian submanifolds with respect to the quadratic Hamiltonian K and a contact-
type almost complex structure J . Given conical Lagrangian submanifolds L ⊂ M
and L′ ⊂ N , their product L×L′ is still an exact Lagrangian submanifold of M×N .
However, regarding the more refined structure, it is not conical with respect to the
contact hypersurface Σ on the nose.
In order to prove that the wrapped Floer cohomology is well-defined in this
setting, we dig back into the usual setup, and provide more refined argument.
While transversality is not a problem, the compactness results for the relevant
moduli spaces do not follow from the previous argument, as the product Lagrangian
submanifold L×L′ is not conical. This is the main difficulty we have to overcome.
There are two possible approaches to resolve this issue. The first one is to
observe the existence of a canonical Hamiltonian deformation making the product
Lagrangian L× L′ conical. However the behavior at infinity would require further
analysis which we will not attempt. The second one is to directly prove compactness
results for the moduli space of inhomogeneous pseudoholomorphic strips/disks as
before, without perturbing the Lagrangian boundary conditions in a Hamiltonian
way. This is the approach we shall take in this paper.
For simplicity, consider the moduli space M(γ0, γ1) of inhomogeneous pseudo-
holomorphic strips connecting time-one K-chords γ0 and γ1 from L × L′ to itself,
and M¯(γ0, γ1) its bordification. Assume the Hamiltonian K on the product M×N
is generic. The desired compactness results necessary for the wrapped Floer coho-
mology to be defined are the following.
Proposition 3.10. (i) For fixed γ0 and γ1, the moduli space M¯(γ0, γ1) is
compact;
(ii) For fixed γ1, then M¯(γ0, γ1) is empty for all but finitely many γ0’s.
Proof. To prove these, we can in fact use the same argument as before. That is, we
appeal to the action-energy equality 2.18 that expresses the energy E(u) of a strip
in terms of the action of the asymptotic Hamiltonian chords. The proof of (i) can
be immediately finished: any inhomogeneous pseudoholomorphic strip connecting
fixed x0, x1 has fixed amount of energy E(u), and that continues to hold for broken
strips. Thus Gromov compactness theorem applies.
The proof of (ii) requires more detailed a priori estimate on the energy. First
recall the formula for computing the action of a Hamiltonian chord. Writing γ =
(x, y) in components of the map [0, 1]→M ×N , that formula can be rewritten as
(3.26)
AK,L×L′,L×L′(γ) =
∫ 1
0
−γ∗(λM×λN )+K(γ(t))dt+fL(x(1))−fL(x(0))+fL′(y(1))−fL′(y(0)).
Suppose γ is an K-chord that lies in the cylindrical end Σ × [1,+∞). Then the
Hamilton’s equation implies that it must lie on some hypersurface Σ × {R} for
some R ≥ 1. Thus the first two terms contribute −R2. To estimate the last four
terms, we recall that the choices of primitives fL, fL′ are made so that they are
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locally constant on the conical ends ∂L× [1,+∞) and ∂L′ × [1,+∞) respectively.
In addition, we have chosen extensions of these functions to M and respectively
N so that they are uniformly bounded, say by a constant C that depends only on
the Liouville structures on M,N and the Lagrangian submanifolds L,L′. Thus, we
have that
(3.27) |fL(x(1))− fL(x(0)) + fL′(y(1))− fL′(y(0))| ≤ 4C.
Now if the K-chord γ lies far away from the compact domain, i.e. if R is sufficiently
large, the action AK,L×L′(γ) is sufficiently negative.
Now we can use this estimate to prove the second statement. Because of the
genericity assumption on K, if there were infinitely many γ0’s for which M¯(γ0, γ1)
is non-empty, then there must be such a γ0 which lie on some hypersurface Σ×{R}
for a sufficiently large R. Since we have fixed γ1, its action is fixed, say D. Thus
for any broken inhomogeneous pseudoholomorphic strip u connecting γ0 to γ1, its
energy satisfies
(3.28) E(u) ≤ −R2 + 4C +D,
which is negative if R 0. This is a contradiction and thus the proof is complete.

With the desired compactness results proved, we may now conclude that the
wrapped Floer differential of L × L′ with respect to K (and an admissible almost
complex structure) is well-defined in the usual sense. The same argument can be
applied to show that the wrapped Floer cohomology of a pair (L1×L′1, L2×L′2) is
well-defined, with respect to the data (K,Jt).
Finally, the remaining part of the story in the product manifold is to define
wrapped Floer cohomology for a pair (L × L′,L) where L is conical with respect
to the cylindrical end Σ× [1,+∞). As in the previous cases, we shall prove this by
providing a priori estimate on the energy of an inhomogeneous pseudoholomorphic
strip u connecting a pair of K-chords γ0, γ1 from L × L′ to L. Note the action of
any such a K-chord γ = (x, y) is
(3.29)
AK,L×L′,L(γ) =
∫ 1
0
−γ∗(λM × λN ) +K(γ(t))dt+ fL(γ(1))− fL(x(0))− fL′(y(0)).
Again, the last three terms are uniformly bounded. For a K-chord lying on some
hypersurface Σ× [1,+∞), the first two terms contribute −R2. This is good enough
for the energy estimate in order to prove the desired compactness statements. This
proves HW ∗(L × L′,L;K,Jt) is well-defined. The same argument also works for
HW ∗(L, L× L′;K,Jt).
3.6. Invariance of wrapped Floer cohomology in the product. Having said
a lot about the definitions of various Lagrangian submanifolds in the product Li-
ouville manifold M ×N , in particular defined two versions of wrapped Floer coho-
mology, one with respect to (HM,N , JM,N ) and the other with respect to (K,J), we
question are isomorphic. The main result of this section is to remove this anbigu-
ity and give affirmative answer on the level of cohomology: the split Hamiltonian
defines isomorphic wrapped Floer cohomology to the one defined by admissible
Hamiltonian.
The proof of this theorem is rather technical and is deferred to section 7 We call
the above cochain map the action-restriction map. We defer the construction and
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the proof to the last section of the paper in which we provide necessary estimates
involved. Benefiting from this theorem, we can freely talk about wrapped Floer co-
homology of Lagrangian submanifolds in the product Liouville manifolds, thinking
of the Hamiltonian function being either a split one or an admissible one. In other
words, it makes the definition of wrapped Floer cohomology unambiguous when
considering products of Liouville manifolds. This point is extremely helpful in the
study of the quilted version of wrapped Floer cohomology, the construction of func-
tors associated to Lagrangian correspondences, and the isomorphism of wrapped
Floer cohomology under geometric compositions of Lagrangian correspondences, as
we will discuss in upcoming sections.
According to the discussion, as an immediate corollary of Theorem 1.1 we have
the following Ku¨nneth-type formula for product Lagrangian submanifolds.
Corollary 3.11. Let L0, L1 ⊂ M and L′0, L′1 ⊂ N be admissible Lagrangian sub-
manifolds. Then there is a canonical isomorphism
(3.30)
HW ∗(L0 × L1, L′0 × L′1;K,J) ∼= HW ∗(L0, L1;HM , JM )⊗HW ∗(L′0, L′1;HN , JN )
Proof. Note that a time-one chord from L0 × L1 to L′0 × L′1 corresponds to a pair
of chords (γ, γ′), where γ is an HM chord from L0 to L1, and γ′ is an HN -chord
from L′0 to L
′
1, we get an obvious identification of graded modules
(3.31)
CW ∗(L0×L1, L′0×L′1;HM,N , JM,N ) = CW ∗(L0, L1;HM , JM )⊗CW ∗(L′0, L′1;HN , JN ).
We claim this is in fact an isomorphism of cochain complexes, taking the dif-
ferential on CW ∗(L0×L1, L′0×L′1;HM,N , JM,N ) to the tensor product differential
m1L0,L1 ⊗1 + 1⊗m1L′0,L′1 on the right hand side. To see this, we examine the Floer’s
equation on M × N , and find it is equivalent to a pair of Floer’s equations on
M and N respectively, precisely because the Hamiltonian and the almost complex
structure are of split type. Therefore we get a canonical one-to-one correspondence
of solutions to Floer’s equations, thus a canonical identification of parametrized
moduli spaces of inhomogeneous pseudoholomorphic strips:
(3.32) M˜((γ0, γ′0), (γ1, γ′1) = M˜(γ0, γ1)× M˜(γ′0, γ′1).
A degree computation shows that one-dimensional component of M˜((γ0, γ′0), (γ1, γ′1)
corresponds to the union of the following two kinds of product moduli spaces:
(i) the one-dimensional component of M˜(γ0, γ1) times the zero-dimensional
component of M˜(γ′0, γ′1);
(ii) the zero-dimensional component of M˜(γ0, γ1) times the one-dimensional
component of M˜(γ′0, γ′1).
But zero-dimensional moduli spaces of solutions to Floer’s equation consist of con-
stant maps, thereby giving rise to identity maps. This proves the claim, and there-
fore proves the isomorphism
HW ∗(L0×L1, L′0×L′1;HM,N , JM,N ) ∼= HW ∗(L0, L1;HM , JM )⊗HW ∗(L′0, L′1;HN , JN ).
The rest follows from Theorem 1.1. 
In addition to the cohomology groups, we also the multiplicative structure on
wrapped Floer cohomology. The main result is Theorem 1.2, which in words states
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that the multiplicative structures defined using the split Hamiltonian and the ad-
missible Hamiltonian coincide on the level of cohomology, after we identify the two
wrapped Floer cohomology groups as in Theorem 1.1.
The proof involves more careful arrangement of the argument for Theorem 1.1,
which is also given in the last section. See particularly section 7.8.
4. Wrapped Floer cohomology for Lagrangian correspondences
4.1. Quilted surfaces. Quilted surfaces naturally appear as basic geometric ob-
jects for generalizing Floer cohomology groups to the case of Lagrangian corre-
spondences, as studied extensively in [WW10b], [WW10a], [WW15b], [WW12] in
the case of compact monotone Lagrangian correspondences in compact monotone
symplectic manifolds, or compact exact Lagrangian correspondences in the interior
of compact exact symplectic manifolds with boundary and corners. Roughly speak-
ing, a quilted surface is a collection of surfaces (called patches) seamed together
at certain pairs of boundary components of the patches. We review the formal
definition here.
Definition 4.1. A quilted surface S of genus zero is a collection of bordered Rie-
mann surfaces with genus zero {Si}i=1,··· ,m with boundary punctures, satisfying the
following conditions:
(a) Every surface Si in the collection, which we call a patch of S, comes with
chosen strip-like ends i,j near the boundary punctures zi,j, where j ∈ P (Si)
labels the boundary punctures of Si in cyclic order. Let Ii,j be the non-
compact boundary component of Si between zi,j−1 and zi,j.
(b) There is a collection {((iσ, Iσ), ((i′σ, I ′σ))}σ∈S of seams (which we will also
denote by S by abuse of notation), whose elements are pairs of elements in
∪mi=1{i} × pi0(∂Si) such that for each σ ∈ S, there is a diffeomorphism of
boundary components:
φσ : ∂Siσ ⊃ Iσ → I ′σ ⊂ ∂Si′σ ,
which is real analytic and compatible with the chosen strip-like ends. Here
real analyticity means that at each point z ∈ Iσ, there exists a neighborhood
U of z in Sσ such that φσ|U∩Iσ extends to an embedding of U into Si′σ
which reverses the complex structures. Compatibility with the strip-like ends
means that if Iσ lies in between two punctures (hence does I
′
σ), namely
Iσ = Iiσ,jσ , I
′
σ = Ii′σ,j′σ , then φσ has to match up the end iσ,jσ with the end
i′σ,j′σ−1 and the end iσ,jσ−1 with the end i′σ,j′σ .
We can label by B the remaining boundary components, which are not identified
in the above process and are called true boundary components, as below:
{(ib, Ib)}b∈B = ∪mi=1{i} × pi0(∂Si) \ S.
We will again denote this set by B by abuse of notation. The quilted surface
S has two kinds of ends: strip-like ends near punctures between true boundary
components, and quilted ends. By definition, a quilted end is a maximal sequence
 = (ik,jk)k=1,··· ,n of ends of patches with boundaries identified ik,jk(·, δik,jk) ∼=
ik+1,jk+1(·, 0) via some seam. We call this quilted end a positive quilted end if all
strip-like ends in this sequence are positive ends, otherwise a negative one (all strip-
like ends in a quilted end have to be either all postive or all negative, by definition
of seaming).
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There are also two different kinds of quilted ends. One is cyclic, meaning that the
upper boundary Ii1,j1−1 of the first strip-like end i1,j1−1 is seamed together with
the lower boundary Iim,jm of the last strip-like end im,jm . The other is non-cyclic,
meaning that these two boundaries are not seamed.
Wehrheim and Woodward proved in [WW15b] that any two quilted surfaces of
the same combinatorial type are smoothly homotopic. Namely,
Lemma 4.2. Let S0 and S1 be two quilted surfaces of the same combinatorial type.
Then there exists a smooth family (St)t∈[0,1] of quilted surfaces connecting the two.
Here smoothness means that the complex structures on patches, the strip-like ends,
and the seaming maps depend smoothly on t.
This lemma is then used to prove that Floer-theoretic invariants defined using
quilted surfaces are independent of these auxiliary data involved in the definition
of quilted surfaces, up to homotopy.
4.2. Inhomogeneous pseudoholomorphic quilts. Let us begin by briefly recall-
ing the local theory of moduli spaces of inhomogeneous pseudoholomorphic quilts,
basically taken from [WW15b]. Suppose that we have a collection of Liouville man-
ifolds M = (M0,M1, · · · ,Mm). Let S be a quilted surface. A Lagrangian label L
for S in M consists of the following:
(a) a collection of Lagrangian correspondences Lσ ⊂ M−iσ × Mi′σ for σ ∈ S
associated to the seams;
(b) a collection of Lagrangian submanifolds Lb ⊂ Mib for b ∈ B associated to
true boundary components.
We will assume that all Lagrangian submanifolds/correspondences are closed
exact submanifolds in the interior of the relevant Liouville manifolds, or conical
over the natural cylindrical ends. For each quilted end  = (ik,jk)k=1,··· ,n , we can
associate to it the sequence of Lagrangian correspondences that label the seams
and true boundary components that run into the strip-like ends (ik,jk)k=1,··· ,n .
There are two slightly different cases:
(i) If  is cyclic, then associated to it is a sequence of Lagrangian correspon-
dences Lσ1 ⊂M−i1 ×Mi2 , · · · ,Lσn−1 ⊂M−in−1 ×Min ,Lσn ⊂M
−
in
×M−i1 ;
(ii) If  is non-cyclic, then associated to it is two Lagrangian submanifolds
Lb0 ⊂ Mi1 , Lbn ⊂ Min , as well as a sequence of Lagrangian correspon-
dences Lσ1 ⊂ M−i1 × Mi2 , · · · ,Lσn−1 ⊂ M−in−1 × Min . If is helpful to
think of Lbn ⊂ M−in so that Lbn × Lb0 is also regarded as a Lagrangian
correspondence.
We will call a sequence of Lagrangian correspondences a generalized Lagrangian
correspondence, and one of the type in (a) a cyclic generalized Lagrangian corre-
spondence, and one of the type in (b) a non-cyclic generalized Lagrangian corre-
spondence.
Now suppose admissible HamiltoniansHMi and one-parameter families of contact-
type almost complex structures JMi on Mi have been chosen for all Liouville man-
ifolds in the collection. Given a quilted surface S with Lagrangian labels, choose a
quilted Floer datum (αS , HS , JS) for S, which by definition consists of Floer data
on all patches.
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Definition 4.3. An inhomogeneous pseudoholomorphic quilt with Lagrangian seam
and boundary conditions is a tuple of maps u : S →M such that
(a) each patch ui : Si → Mi satisfies the inhomogeneous Cauchy-Riemann
equation:
(4.1) (dui − αSi ⊗XHSi )0,1 = 0;
(b) S maps seams to the given Lagrangian correspondences, and true boundary
components to the given Lagrangian submanifolds.
The energy of an inhomogeneous pseudoholomorphic quilt is defined to be the
sum of the energy of every patch. The asymptotic condition for an inhomogeneous
pseudoholomorphic quilt at a strip-like end is just a chord. The asymptotic condi-
tion for a pseudoholomorphic quilt at a quilted end is a generalized chord, which
we define below.
Definition 4.4. Let S be a quilted surface and let  = (ik,jk)k=1,··· ,n be a quilted
end. There are two cases:
(i) If  is cyclic, then we have a cyclic generalized Lagrangian correspondence as
before. A generalized chord for this generalized Lagrangian correspondence
is a tuple γ = (γ1, · · · , γn) where γk is a HMik -chord in Mik such that
(4.2) (γk(1), γk+1(0)) ∈ Lσk .
(ii) If  is non-cyclic, then we have a non-cyclic generalized Lagrangian cor-
respondence as before. A generalized chord for this generalized Lagrangian
correspondence is a tuple γ = (γ0, γ1, · · · , γn) where γk is a HMik -chord
in Mik such that
(4.3) γ0(0) ∈ Lb0 , γn(1) ∈ Lbn ,
(4.4) (γk(1), γk+1(0)) ∈ Lσk , k = 1, · · · , n − 1.
Suppose that Lagrangian labels for S have been chosen, and that associated to
each positive (resp. negative) end ± of S the asymptotic condition (a general-
ized chord γ±

) has been fixed. We consider an inhomogeneous pseudoholomorphic
quilt u : S → M with Lagrangian seam and boundary conditions, satisfying the
prescribed asymptotic conditions over the quilted ends. Moreover, we assume that
the energy of u is finite. The linearized Cauchy-Riemann operator at u, which
we denote by Du∂HS ,JS , is defined to be the direct sum of the usual linearized
Cauchy-Riemann operators on patches. Du∂HS ,JS is a Fredholm operator, basi-
cally because the linearized Cauchy-Riemann operator on each patch is Fredholm.
For more details, see Remark 3.8 of [WW15b].
Let Γ−,Γ+ be the collection of all generalized chords at negative ends and
positive ends respectively. Let MS(Γ−; Γ+) be the moduli space of inhomoge-
neous pseudoholomorphic quilts with Lagrangian seam and boundary conditions.
Transversality can be proved in the same way as before. It is also not difficult
to find a compactification of this moduli space which is a smooth manifold with
boundary and corners, since the symplectic manifolds are Liouville manifolds and
the Lagrangian submanifolds are all exact. We choose not to enter the full details
here for general quilted surface S because we do not quite need the general result,
and the notations could become very complicated. Also, in fact the above con-
struction has a flaw for the purpose of defining invariants or operations of wrapped
28 YUAN GAO
Floer cohomology - we have not taken time-shifting functions into account, which,
unlike the case of closed manifolds, is absolutely necessary because Hamiltonians
add up for example when we try to multiply inputs, but continuation maps do not
generally induce cochain homotopy equivalence in the case of non-compact mani-
folds. Doing so for all kinds of quilted surfaces would require significantly amount
of additional notations which we do not bother writing down. Instead, we will deal
with only the quilted surfaces that are relevant to our constructions later, about
which we will be more precise.
Finally, we present a general action-energy equality for inhomogeneous pseudo-
holomorphic quilts, which will be extremely useful for proving compactness results.
The action of a generalized chord γ is defined to the the sum of the action of the
Hamiltonian chords as its components. The action-energy equality for inhomoge-
neous pseudoholomorphic quilts has the following form
(4.5) E(u) =
∑
γ−∈−
A(γ−)−
∑
γ+∈+
A(γ+),
where the first sum is over all generalized chords as asymptotic values of u at neg-
ative quilted ends, and the second sum is over all generalized chords as asymptotic
values of u at positive quilted ends. The proof is simply an application of Stokes’
theorem, applied to each patch of the quilted surface.
4.3. Quilted wrapped Floer cohomology. Using quilted surfaces, we may ex-
tend the definition of the wrapped Floer cohomology to a quilted version. The basic
case is that we have conical Lagrangian submanifolds L ⊂M,L′ ⊂ N , as well as an
admissible Lagrangian correspondence L ⊂M− ×N . Although having introduced
general quilts in the previous subsection, proving well-definedness of wrapped Floer
cohomology in general encounters a lot of complication and difficulty, and therefore
we will essentially only focus on this basic case. The generators for the quilted
wrapped Floer cochain complex CW ∗(L,L, L′) are time-one generalized chords,
defined as follows.
Definition 4.5. A time-one generalized (HM , HN )-chord for the triple (L,L, L′)
is a pair (γ0, γ1) where γ0 is a HM -chord and γ
1 is a HN -chord such that γ
0(0) ∈
L, (γ0(1), γ1(0)) ∈ L, γ1(1) ∈ L′. We denote by X(HM ,HN )(L,L, L′) the set of all
generalized (HM , HN )-chords for the triple (L,L, L′).
The notion of absolute Maslov index can be easily extended to generalized chords,
which will provide gradings on the quilted version of wrapped Floer cochain com-
plexes. The way of defining this index is to regard a generalized chord as a HM,N -
chord in the product manifold M−×N going from L×L′ to L. For each generalized
chord (γ0, γ1), there is also a canonical orientation line associated to it, denoted by
|o(γ0,γ1)|, defined in a similar way by regarding this generalized chord as a chord in
the product manifold. We will not repeat these kinds of definitions later.
Now consider the (parametrized) moduli space of quilted pseudoholomorphic
strips M˜((γ00 , γ10), (γ01 , γ11)) which converge exponentially to (γ00 , γ10) at the negative
quilted end, and to (γ01 , γ
1
1) at the positive quilted end, with Lagrangian boundary
conditions (L,L, L′). The standard transversality argument shows that for generic
one-parameter families of almost complex structures JM and JN of contact-type,
M˜((γ00 , γ10), (γ01 , γ11)) is a smooth manifold of dimension deg((γ00 , γ10))−deg((γ01 , γ11)).
There is a natural R-action on M˜((γ00 , γ10), (γ01 , γ11)), by simultaneous translation
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on the two patches (which are strips) of the quilted strip (due to the seam con-
dition, only simultaneous translations are allowed). This action is free whenever
deg((γ00 , γ
1
0)) 6= deg((γ01 , γ11)). Call the quotient M((γ00 , γ10), (γ01 , γ11)) the moduli
space of (unparametrized) quilted pseudoholomorphic strips, which is a smooth
manifold of dimension deg((γ00 , γ
1
0))− deg((γ01 , γ11))− 1.
There is a natural compactification M¯((γ00 , γ10), (γ01 , γ11)), similar to the one in
(2.17):
M¯((γ00 , γ10), (γ01 , γ11)) =
∐
M((γ00 , γ10), (θ01, θ11))×M((θ01, θ11), (θ02, θ12))
× · · · ×M((θ0k−1, θ1k−1), (θ0k, θ1k))×M((θ0k, θ1k), (γ01 , γ11)).
(4.6)
Similar to Lemma 2.8 and Lemma 2.9, we have the following two lemmata whose
proofs utilize the action-energy equality on M− ×N , and are essentially the same
as the previous ones.
Lemma 4.6. For generic one-parameter families of almost complex structures JM
and JN of contact-type, the moduli space M¯((γ00 , γ10), (γ01 , γ11)) is a compact smooth
manifold with boundary and corners of dimension deg((γ00 , γ
1
0))−deg((γ01 , γ11))− 1.
Lemma 4.7. For each (γ01 , γ
1
1), M((γ00 , γ10), (γ01 , γ11)) is empty for all but finitely
many (γ00 , γ
1
0).
We then define a graded Z-module
(4.7) CW ∗(L,L, L′;HM , HN , JM , JN ) =
⊕
(γ0,γ1)∈X(HM,HN )(L,L,L′)
|o(γ0,γ1)|,
which we call quilted wrapped Floer cochain complex. The differential m1 =
m1HM ,HN ,JM ,JN is defined to be
(4.8) m1 : CW i(L,L, L′;HM , HN , JM , JN )→ CW i+1(L,L, L′;HM , HN , JM , JN )
(4.9) m1([(γ01 , γ
1
1)]) = (−1)i
∑
deg((γ00 ,γ
1
0))=deg((γ
0
1 ,γ
1
1))+1
u∈M((γ00 ,γ10),(γ01 ,γ11))
m1u([(γ
0
1 , γ
1
1)]).
By Lemma 4.7, the sum is indeed finite. For the matter of orientation, we define
the orientation line of a generalized chord (γ0, γ1) to be the orientation line of
the HM,N -chord in M
− × N by setting Γ(t) = (γ0(1 − t), γ1(t)), and define the
orientations on the moduli spaces of quilted strips to be those on the moduli space
of inhomogeneous pseudoholomorphic strips in the product M−×N . This point of
view shall be made more explicit in Lemma 4.8. For more general quilted surfaces,
see for example [WW15a], but we shall not try to make use of the results in this
paper.
We call the resulting cohomology the quilted wrapped Floer cohomology of
(L,L, L′) with respect toHM , HN , JM , JN ), and denote it byHW ∗(L,L, L′;HM , HN , JM , JN ).
As before, standard continuation argument shows that this is independent of choices
of generic one-parameter families of admissible almost complex structures, and in-
dependent of admissible Hamiltonians HM on M and HN on N .
The advantage of using split Hamiltonians on the product Liouville manifold
M− ×N is that we can fold the quilted inhomogeneous pseudoholomorphic curve
to obtain an inhomogeneous pseudoholomorphic curve with Lagrangian boundary
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conditions in the product Liouville manifold M− × N , with respect to the data
(HM,N ,−JM×JN ). Thus quilted wrapped Floer cohomology is usually the wrapped
Floer cohomology in the product manifold:
Lemma 4.8.
HW ∗(L,L, L′;HM , HN , JM , JN ) ∼= HW ∗(L, L× L′;HM,N ,−JM × JN )
∼= HW ∗(L× L′,L;K,J),(4.10)
where K is some admissible Hamiltonian on M−×N , and J is an almost complex
structure of contact type with respect to the contact hypersurface Σ.
Proof. For the first isomorphism, the corresponding Floer cochain complexes are
obviously isomorphic as graded modules. Folding a quilted pseudoholomorphic strip
defining the differential on CW ∗(L,L, L′;HM , HN , JM , JN ), we get an inhomoge-
neous pseudoholomorphic strip defining the differential on CW ∗(L×L′,L;HM,N ,−JM×
JN ). Putting this ”folding quilt” in a more explicit form, we define an inhomoge-
neous pseudoholomorphic map w : R× [0, 1]→M− ×N by
(4.11) w(s, t) = (u(s, 1− t), v(s, t)),
from a quilted inhomogeneous pseudoholomorphic map (u, v) This proves that the
isomorphism intertwines the differentials. The second isomorphism is established
in Theorem 1.1. 
Remark 4.9. We should have written Lt instead of L, where Lt is the transpose of
L (indeed identical to L as a smooth submanifold) and is regarded as a Lagrangian
submanifold of M−. But we will not bother doing this unless there might be confu-
sion.
The above proof provides canonical identification between the moduli spaces, and
hence we may take the wrapped Floer cohomology of (L, L × L′) in the product
Liouville manifold M−×N with respect to the split Hamiltonian HM,N and product
almost complex structure −JM × JN , as a definition for the quilted wrapped Floer
cohomology HW ∗(L,L, L′). Also, we can use Theorem 1.1 to give an alternative
definition of the quilted wrapped Floer cohomology by wrapped Floer cohomology
on product Liouville manifolds with appropriate Lagrangian boundary conditions,
using admissible Hamiltonians on the product manifolds. Since using either split
Hamiltonians or admissible ones does not matter at least on the level of cohomology,
we will drop the symbols for Hamiltonians and almost complex structures in the
notation of wrapped Floer cohomology, until section 7, where we prove Theorem
1.1.
5. Functoriality in Lagrangian correspondences
5.1. Wrapped Fukaya category on the cohomology level. The purpose of
this section is to prove Theorem 1.4, which constructs functors between wrapped
Fukaya categories associated to admissible Lagrangian correspondences L ⊂M−×
N . As mentioned in the introduction, we work mostly on cohomology level. The
main reason is that it is not proved in this paper that the version of the wrapped
Fukaya category of the product manifold defined using split Hamiltonians is quasi-
isomorphic to the standard one, although it seems quite straightforward to use split
Hamiltonians at every place to perform the constructions on the chain level.
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Let us denote by H(W(M)) the cohomology category of the wrapped Fukaya
category of a Liouville manifold M . Its objects are closed exact Lagrangian sub-
manifolds in the interior of M , as well as exact Lagrangian submanifolds L that
intersection ∂M transversely with boundary being Legendrian submanifolds l of
∂M , and over the cylindrical ends are of the form l × [1,+∞). All Lagrangian
submanifolds are assumed to be equipped with gradings and spin structures. The
morphism space between two such Lagrangian submanifolds is the wrapped Floer
cohomology group HW (L0, L1), defined using an admissible Hamiltonian and an
admissible almost complex structure. The composition of morphisms is defined by
cohomology level multiplication on wrapped Floer cohomology induced from the
cochain level multiplication m2.
As for the product Liouville manifold M− × N , the Lagrangian submanifolds
to be included in the wrapped Fukaya category are those considered in section
3.4. We have shown that the wrapped Floer cohomology HW ∗(L0,L1) of a pair
of such Lagrangian submanifolds is well-defined, with respect to either the split
Hamiltonian or the quadratic Hamiltonian. These will be morphism spaces in the
cohomology category H(W(M− × N)), and the composition is again the triangle
product, which is well-defined by a similar argument.
5.2. Bimodule-valued functor. The way we are going to prove Theorem 1.4 is
to first construct a bimodule-valued functor:
(5.1) Φ : H(W(M− ×N))→ (H(W(M)), H(W(N)))bimod
which sends each admissible Lagrangian correspondence L ⊂ M− × N to the bi-
module PL over (H(W(M)), H(W(N))) which, to inputs L ⊂ M,L′ ⊂ N , gives
output:
(5.2) PL(L,L′) = HW ∗(L,L, L′).
Here by a bimodule over (H(W(M)), H(W(N))), we mean a right-H(W(M)) and
left-H(W(N))) bimodule, despite the fact that we write H(W(M)) on the left and
H(W(N)) on the right. This distinction is important in wrapped Floer theory, as
in general there is no natural duality identifying left modules with right modules.
One of the bimodule structure maps is
(5.3) m1|0|1 : HW ∗(L0, L1)⊗HW ∗(L1,L, L′0)⊗HW ∗(L′0, L′1)→ HW ∗(L0,L, L′1),
defined as follows. Let Sbm be the quilted surface which consists of two patches
Sbm0 , S
bm
1 both of which are disks with one negative boundary puncture zi,0 and
two positive boundary punctures zi,1, zi,2, near which the strip-like ends i,j are
chosen. The two patches are seamed along I0,1 and I1,1. The quilted surface S
bm
has four ends - one negative quilted end, one positive quilted end and two positive
strip-like ends.
To define inhomogeneous pseudoholomorphic quilts that are suitable for the pur-
pose of defining m1|0|1, we will have to use a time-shifting function that controls
the moving boundary conditions to take care of the issue that Hamiltonians add up
over the ends of the quilted surfaces, similar to the situation involved in defining the
multiplication structure. So we choose a time-shifting function ρSbm for the quilted
surface, which by definition consists of two time-shifting functions ρSbmi , i = 1, 2,
defined on boundary components of Sbmi , such that they agree over the seam. We
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require that ρSbmi takes the value 1 near the two postive boundary punctures of
Sbmi and the value 2 at the negative boundary puncture of S
bm
i .
Also, we need to choose a Floer datum on the quilted surface Sbm, which consists
of Floer data (αSbmi , HSbmi , JSbmi ) on patches S
bm
i in the usual sense. Note that S
bm
0
is mapped to M and Sbm1 to N . So these Floer data for the two patches should be
understood as families of Hamiltonians and almost complex structures on M and
N respectively.
Given HM -chord γ from L0 to L1, HN -chord θ from L
′
0 to L
′
1, as well as gen-
eralized chords (γ0, θ0) for the triple (L0,L, L′1) and (γ1, θ1) for (L1,L, L′0), the
inhomogeneous Cauchy-Riemann equation for quilted maps u : Sbm → (M,N)
with the prescribed asymptotic behavior has the following form:
(5.4)

(dui − αSbmi ⊗XHSbm0 (u0))
0,1 = 0, i = 1, 2
u0(z) ∈ φ
ρ
Sbm0
(z)
M L0, z ∈ I0,2
u0(z) ∈ φ
ρ
Sbm0
(z)
M L1, z ∈ I0,0
(u0(z), u1(z)) ∈ (φ
ρ
Sbm0
(z)
M × φ
ρ
Sbm1
(z)
N )L, z lies on the seam (I0,1, I1,1)
u1(z) ∈ φ
ρ
Sbm1
(z)
N L
′
1, z ∈ I1,2
u1(z) ∈ φ
ρ
Sbm1
(z)
N L
′
0, z ∈ I1,0
lim
s→−∞u0 ◦ 0,0(s, ·) = φ
2
Mγ
0(·), lim
s→−∞u1 ◦ 1,0(s, ·) = φ
2
Nθ
0(·)
lim
s→+∞u0 ◦ 0,1(s, ·) = γ
1(·), lim
s→+∞u1 ◦ 1,1(s, ·) = θ
1(·)
lim
s→+∞u0 ◦ 0,2(s, ·) = γ(·), lims→+∞u1 ◦ 1,2(s, ·) = θ(·)
The picture for such a quilted map is shown in Figure 1.
Let Mbm((γ0, θ0); γ, (γ1, θ1), θ) be the moduli space of inhomogeneous pseudo-
holomorphic quilts u : Sbm → (M,N) satisfying the above conditions. As before,
we have the following standard transversality result:
Lemma 5.1. For a generic choice of Floer datum for the quilted surface Sbm, the
moduli space Mbm((γ0, θ0); γ, (γ1, θ1), θ) is a smooth manifold of dimension
deg((γ1, θ1))− deg(γ)− deg((γ0, θ0))− deg(θ).
There is a natural compactification M¯bm((γ0, θ0); γ, (γ1, θ1), θ), whose codimen-
sion one stratum consists of the following:∐
M((γ0, θ0); (γ01 , θ01))×Mbm((γ01 , θ01); γ, (γ1, θ1), θ)
∪
∐
Mbm((γ0, θ0); γ1, (γ1, θ1), θ)×M(γ1; γ)
∪
∐
Mbm((γ0, θ0); γ, (γ11 , θ11), θ)×M((γ11 , θ11); (γ1, θ1))
∪
∐
Mbm((γ0, θ0); γ, (γ1, θ1), θ1)×M(θ1; θ).
(5.5)
Similar to Lemma 2.8, we can prove the following:
Lemma 5.2. M¯bm((γ0, θ0); γ, (γ1, θ1), θ) is a compact smooth manifold with bound-
ary and corners of dimension deg((γ0, θ0))− deg(γ)− deg((γ1, θ1))− deg(θ).
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φ
ρ
Sbm0
(z)
M L1
φ
ρ
Sbm0
(z)
M L0
φ
ρ
Sbm1
(z)
N L
′
0
φ
ρ
Sbm1
(z)
N L
′
1
(φ
ρ
Sbm0
(z)
M × φ
ρ
Sbm1
(z)
N )LM N
Figure 1. the quilted map defining the bimodule structure map
However, we will not give a complete proof which is standard but somewhat
cumbersome, since we will only need the 0-dimensional and 1-dimensional com-
pactified moduli spaces (i.e. when deg((γ0, θ0))−deg(γ)−deg((γ1, θ1))−deg(θ) is
either zero or one), which are then easily seen to be compact smooth manifolds and
compact smooth manifolds with boundary respectively. Also, we have the following
analogue of Lemma 2.9:
Lemma 5.3. For a fixed triple (γ, (γ1, θ1), θ), the moduli space
Mbm((γ0, θ0); γ, (γ1, θ1), θ)
is empty for all but finitely many (γ0, θ0)’s.
In particular, 0-dimensional moduli spaces are compact manifolds, hence consist
of finitely many elements. ”Counting” these elements then defines a homomorphism
of graded Z-modules
m1|0|1 : CW ∗(L0, L1;HM , JM )⊗ CW ∗(L1,L, L′0;HM , HN , JM , JN )⊗ CW ∗(L′0, L′1;HN , JN )
→ CW ∗(φ2ML0, (φ2M × φ2N )L, φ2NL′1;
HM
2
◦ φ2M ,
HN
2
◦ φ2N , (φ2M )∗JM , (φ2N )∗JN )
(5.6)
m1|0|1([γ], [(γ1, θ1)], [θ])
=
∑
deg((γ0,θ0))=deg(γ)+deg((γ1,θ1))+deg(θ)
u∈Mbm((γ0,θ0);γ,(γ1,θ1),θ)
m1|0|1u ([γ], [(γ
1, θ1)], [θ]).(5.7)
Here m
1|0|1
u is the induced map on orientation lines. By analyzing the boundary of
one-dimensional moduli spaces, we can prove that m1|0|1 is a cochain map. Also,
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we identify the output
CW ∗(φ2ML0, (φ
2
M × φ2N )L, φ2NL′1;
HM
2
◦ φ2M ,
HN
2
◦ φ2N , (φ2M )∗JM , (φ2N )∗JN )
with CW ∗(L0,L, L′1;HM , HN , JM , JN ) canonically by conjugating by the Liouville
flow. Thus we get a cochain map
m1|0|1 : CW ∗(L0, L1;HM , JM )⊗ CW ∗(L1,L, L′0;HM , HN , JM , JN )⊗ CW ∗(L′0, L′1;HN , JN )
→ CW ∗(L0,L, L′1;HM , HN , JM , JN ),
(5.8)
which induces the desired homomorphism (5.3) on cohomology.
There are other two maps as part of the bimodule structure maps, which on the
chain level take the following forms
(5.9) m1|0|0 : CW ∗(L0, L1;HM , JM )⊗ CW ∗(L1,L, L′0)→ CW ∗(L0,L, L′0),
(5.10) m0|0|1 : CW ∗(L0,L, L′0)⊗ CW ∗(L′0, L′1;HN , JN )→ CW ∗(L0,L, L′1).
These are defined using moduli spaces of inhomogeneous pseudoholomorphic quilted
maps from similar quilted surfaces. For example, m1|0|0 is defined using quilted
surfaces without the puncture z1,2 on the patch S
bm
1 , while m
0|0|1 is defined using
quilted surfaces without the puncture z0,2 on the patch S
bm
0 . Because the La-
grangian submanifolds of M and of N we consider are conical, and the Lagrangian
correspondence L is admissible, by the same argument we can show that the mod-
uli spaces of inhomogeneous pseudoholomorphic quilted maps from these quilted
surfaces have good structures, i.e. they have natural compactifications which are
compact smooth manifolds with boundary and corners. Moreover, both m1|0|0
and m0|0|1 are cochain maps, inducing the desired cohomological level maps. This
completes the construction of the first functor on the level of its effect on objects.
Let us proceed to investigate the effect of the functor Φ on morphisms. Suppose
we are given admissible Lagrangian correspondences L0,L1 ⊂ M− × N , then the
wrapped Floer cohomology HW ∗(L0,L1) (defined using an admissible Hamiltonian
on M− × N) is the morphism space from L0 to L1 in the cohomology category
H(W(M− ×N)). The goal is therefore to construct a bimodule homomorphism
(5.11) ΦΓ : PL0 → PL1
for each element [Γ] ∈ HW ∗(L0,L1). This is in fact straightforward, using the
multiplicative structure on wrapped Floer cohomology of Lagrangians in the prod-
uct manifold M− × N . Namely, for each L ⊂ M,L′ ⊂ N , we have the following
isomorphisms
(5.12) HW ∗(L,Li, L′) ∼= HW ∗(Li, L× L′), i = 0, 1.
Then multiplication with [Γ] ∈ HW ∗(L0,L1) under the triangle product
(5.13) m2 : HW ∗(L1, L× L′)⊗HW ∗(L0,L1)→ HW ∗(L0, L× L′)
induces a map
(5.14) ΦΓ : HW
∗(L1, L× L′)→ HW ∗(L0, L× L′),
of degree deg(Γ). We have to prove it is indeed a bimodule homomorphism. Intu-
itively this is quite clear; however to rigorously implement such an idea, we work
with the following alternative construction of the bimodule homomorphism.
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The alternative construction involves a kind of quilted surface Sbh consisting of
two patches, Sbh0 , S
bh
1 . S
bh
i is a disk with one negative boundary puncture zi,0 and
two positive boundary punctures zi,1, zi,2, cyclically ordered on the boundary of
D2. The boundary component of Sbhi going from zi,j−1 to zi,j is denoted by Ii,j .
We suppose that strip-like ends i,j near all punctures have been chosen, in each
individual patch. The seaming condition is the following: I0,2 with I1,2, and I0,0
with I1,0. After we seam the two patches together, the resulting quilted surface has
three quilted ends: one negative quilted strip-like end (0,0, 1,0), and one positive
quilted strip-like end (0,1, 1,1), and another positive end (0,2, 1,2). The third
one, (0,2, 1,2), is regarded as a quilted cylindrical end, as the two pairs of near by
boundary components are both seamed together.
To write down the inhomogeneous Cauchy-Riemann equation for quilted maps
u : Sbh → (M,N), we also need a time-shifting function ρSbh , which by defini-
tion consists of two time-shifting functions ρSbh0 and ρSbh1 defined on the boundary
components of Sbh0 and S
bh
1 respectively, such that they agree over the seams. We
require that ρSbhi = 1 near zi,1, zi,2, and that ρSbhi = 2 near zi,0, for i = 1, 2.
Then we choose Floer datum for the quilted surface Sbh, which consists of Floer
data (αSbh0 , HSbh0 , JSbh0 ) and (αSbh1 , HSbh1 , JSbh1 ) on the two patches, satisfying the fol-
lowing conditions. (αSbh0 , HSbh1 , JSbh1 ) agrees with (dt,HM , JM ) over the two positive
strip-like ends 0,1, 0,2 of S
bh
0 , and with (2dt,
HM
4 ◦φ2M , (φ2M )∗JM ) over the negative
strip-like end 0,0 of S
bh
0 . And there are similar conditions for (αSbh1 , HSbh1 , JSbh1 ).
Given generalized Hamiltonian chords (γ0, θ0) for (L,L0, L′), (γ1, θ1) for (L,L1, L′),
as well as an HM,N -chord Γ in M
−×N from L0 to L1, the inhomogeneous Cauchy-
Riemann equation for quilted maps u : Sbh → (M,N) with these asymptotic con-
ditions takes the following form:
(5.15)
(dui − αSbhi ⊗XHSbhi (ui))
0,1 = 0, i = 1, 2
u0(z) ∈ φ
ρ
Sbh0
(z)
M L, z ∈ I0,1
(u0(z), u1(z)) ∈ (φ
ρ
Sbh0
(z)
M × φ
ρ
Sbh1
(z)
N )L1, z lies on the seam (I0,2, I1,2)
(u0(z), u1(z)) ∈ (φ
ρ
Sbh0
(z)
M × φ
ρ
Sbh1
(z)
N )L0, z lies on the seam (I0,0, I1,0)
u1(z) ∈ φ
ρ
Sbh1
N (z)L
′, z ∈ I1,1
lim
s→−∞u0 ◦ 0,0(s, ·) = φ
2
Mγ
0(·)
lim
s→+∞u0 ◦ 0,1(s, ·) = γ
i(·)
lim
s→−∞u1 ◦ 1,0(s, ·) = φ
2
Nθ
0(·)
lim
s→+∞u1 ◦ 1,1(s, ·) = θ
i(·)
lim
s→+∞(u0, u1) ◦ (0,2(s, 1− t), 1,2(s, t)) = Γ(t)
The picture of such a quilted map is shown in Figure 2.
Let Mbh((γ0, θ0); (γ1, θ1),Γ) be the (uncompactified) moduli space of inhomo-
geneous pseudoholomorphic quilts of the above kind. A standard transversality
argument implies that for a generic choice of Floer datum for the quilted surface,
the moduli space Mbh((γ0, θ0); (γ1, θ1),Γ) is a smooth manifold of dimension
deg((γ0, θ0))− deg((γ1, θ1))− deg(Γ).
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ρ
Sbh0
(z)
M L
φ
ρ
Sbh1
N (z)L
′
(φ
ρ
Sbh0
(z)
M × φ
ρ
Sbh1
(z)
N )L0 (φ
ρ
Sbh0
(z)
M × φ
ρ
Sbh1
(z)
N )L1
M
N
Figure 2. the quilted map defining bimodule homomorphisms
There is a natural compactification M¯bh((γ0, θ0); (γ1, θ1),Γ) whose codimension
one boundary is covered by∐
M((γ0, θ0), (γ01 , θ01))×Mbh((γ01 , θ01); (γ1, θ1),Γ)
∪
∐
Mbh((γ0, θ0); (γ11 , θ11),Γ)×M((γ11 , θ11), (γ1, θ1))
∪
∐
Mbh((γ0, θ0); (γ1, θ1),Γ1)×M(Γ1,Γ),
(5.16)
where the last term M(Γ1,Γ) stands for the moduli space of inhomogeneous pseu-
doholomorphic strips in M−×N with boundary on the pair (L0,L1), with respect
to the split Hamiltonian HM,N and product almost complex structure −JM × JN ,
with asymptotic convergence conditions being Γ1 at −∞ and Γ at +∞.
There are regularity and compactness results for this moduli space similar to
Lemma 2.8 and Lemma 2.9. They allow us to count rigid elements in zero-dimensional
moduli spaces to obtain a map:
Φ : CW ∗(L,L1, L′;HM , HN , JM , JN )⊗ CW ∗(L0,L1;HM,N ,−JM × JN )
→ CW ∗(φ2ML, (φ2M × φ2N )L0, φ2NL′;
HM
2
◦ φ2M ,
HN
2
◦ φ2N , (φ2M )∗JM , (φ2N )∗JN )
(5.17)
(5.18) Φ([Γ], [(γ1, θ1)]) =
∑
u∈Mbh((γ0,θ0);(γ1,θ1),Γ)
deg((γ0,θ0))=deg((γ1,θ1))+deg(Γ)
Φu([Γ], [(γ
1, θ1)]),
where Φu is the induced map on orientation lines. A standard gluing argument
implies that this is a cochain map. Also, we identify the output
CW ∗(φ2ML, (φ
2
M × φ2N )L0, φ2NL′;
HM
2
◦ φ2M ,
HN
2
◦ φ2N , (φ2M )∗JM , (φ2N )∗JN )
with CW ∗(L,L0, L′;HM , HN , JM , JN ) canonically by conjugating by the Liouville
flow, and thus regard the map (5.17) as
Φ :CW ∗(L,L1, L′;HM , HN , JM , JN )⊗ CW ∗(L0,L1;HM,N ,−JM × JN )
→ CW ∗(L,L0, L′;HM , HN , JM , JN ).
(5.19)
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Hence we get an induced map on cohomology:
HW ∗(L,L1, L′)⊗HW ∗(L0,L1)→ HW ∗(L,L0, L′).
Fixing the input [Γ] ∈ HW ∗(L0,L1), we get the desired map ΦΓ. Although its
form of presence is not quite transparent, this will be the (0, 0)-th order map of the
bimodule homomorphism (5.11).
To extend this map to higher orders, at least to orders (1, 0), (0, 1) and (1, 1) so
that we can verify that it defines a bimodule homomorphism on the cohomological
category, we shall introduce a few more quilted surfaces and study inhomogeneous
pseudoholomorphic maps from them. The relevant quilted surface Sbh,k,l is ob-
tained from Sbh by adding k positive punctures on the I0,1 boundary component
of Sbh0 and l positive punctures on the I1,1 boundary component of S
bh
1 , where
k = 0, 1 and l = 0, 1 for our interest in this paper. Convergence conditions for the
inhomogeneous pseudoholomorphic quilted maps from Sbh,k,l at these additional
punctures are Floer cochains between Lagrangians in M and respectively N . Since
we only consider conical Lagrangian submanifolds of M and of N , and admissi-
ble Lagrangian correspondences from M to N , the moduli spaces of such quilted
maps all have good structures, i.e. they have natural compactifications which are
compact smooth manifolds with boundary and corners. The description of the
compactification is similar, and counting rigid elements therein yields the following
maps
Φ1,0 :CW ∗(L0,L1;HM,N ,−JM × JN )
→ hom(CW ∗(L0, L1;HM , JM )⊗ CW ∗(L1,L0, L′0), CW ∗(L0,L1, L′0)),
(5.20)
Φ0,1 :CW ∗(L0,L1;HM,N ,−JM × JN )
→ hom(CW ∗(L0,L0, L′0)⊗ CW ∗(L′0, L′1;HN , JN ), CW ∗(L0,L1, L′1)),
(5.21)
Φ1,1 :CW ∗(L0,L1;HM,N ,−JM × JN )→ hom(CW ∗(L0, L1;HM , JM )
⊗ CW ∗(L1,L0, L′0)⊗ CW ∗(L′0, L′1;HN , JN ), CW ∗(L0,L1, L′1)),
(5.22)
which are all cochain maps with respect to the corresponding differentials, where
the differential on the hom-complex is induced by (quilted) Floer differentials on
various (quilted) wrapped Floer cochain complexes. In particular, these include the
case k = l = 0.
Remark 5.4. Allowing general numbers k, l, we can define the A∞-bimodule struc-
tures and homomorphisms in this way, which will appear in [Gao]. As already men-
tioned, there is still a technical issue regarding full chain-level A∞-structures for
wrapped Floer theory for the product manifold, which is the reason why we stay in
the case k, l ≤ 1.
5.3. Module-valued functor. To convert the above construction into the form
as stated in Theorem 1.4, it suffices to play with some simple homological algebra,
which mostly has to do with a Yoneda-type functor.
There is a general way of turning bimodules to functors to the category of mod-
ules. To be more precise, let A,B be (locally small) linear categories, and P be a
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bimodule over (A,B), i.e. a right-A and left-B bimodule. Then we can construct
in a canonical way a functor from A to the category of left B-modules.
(5.23) FP : A→ l −Mod(B),
which is defined as follows. For any object X ∈ Ob(A), FP (X) is the left B-module:
(5.24) Y 7→ P (X,Y ).
For any morphism a ∈ homA(X0, X1), FP (a) is the B-module homomorphism:
(5.25) FP (X1)→ FP (X0)
which is induced by multiplication by a with respect to the right-A structure:
(5.26) homA(X0, X1)⊗ P (X1, Y )→ P (X0, Y ).
With additional little amount of argument, one can show:
Lemma 5.5. Suppose both A and B are unital. Then the above construction yields
a fully faithful functor
(5.27) F : (A,B)bimod → Func(A, l −Mod(B)).
We apply this lemma to the bimodule-valued functor (5.1) to obtain the desired
functor (1.6), and evaluate at any object L to obtain the functor (1.5).
Finally, the statement that both functors are cohomologically unital follows from
the fact that the Yoneda functor is cohomologically fully faithful and therefore
cohomologically unital. While the cohomological fullness and failthfulness follow
from the fact that the wrapped Fukaya category is cohomologically unital.
As a concluding remark, we mention that the above process of turning bimodules
to module-valued functors can be extended to A∞-categories, which will explained
in [Gao] to carry out chain-level constructions of A∞-functors from Lagrangian
correspondences.
6. Geometric compositions and representability
6.1. Geometric composition of Lagrangian correspondences. The main rea-
son for us to study geometric compositions of Lagrangian correspondences is that
we attempt to prove representability of the above-constructed module-valued func-
tors ΦL (and A∞-version to appear in [Gao]). The result necessary for establishing
representability is Theorem 1.5, which we shall prove in this section.
In the case of wrapped Floer cohomology, the definition of the geometric compo-
sition of two Lagrangian correspondences is slightly different from that of compact
Lagrangian correspondences between closed/tame symplectic manifolds when the
usual compact Fukaya categories are concerned, in the sense that the Lagrangian
correspondences should be composed in the way governed by the flow of the Hamil-
tonian vector field, which encodes information about wrapping. We formalize the
description as follows.
Definition 6.1. Given Lagrangian correspondences L01 ⊂M−0 ×M1,L12 ⊂M−1 ×
M2, the geometric composition of them is defined to be the map from the fiber
product of L01 and L12 over the graph of ψHM1 ⊂M1 ×M−1 to M−0 ×M2
(6.1) ι02 : L02 = L01 ◦HM1 L12 = L01 ×Γ(ψHM1 ) L12 →M
−
0 ×M2,
where the map ι02 is induced by the projection M0 ×M1 ×M1 ×M2 →M0 ×M2.
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In a generic situation, the geometric composition is a Lagrangian immersion,
which might not even be proper. In this paper, we will restrict to the case where the
geometric composition is a proper embedding. This assumption of course impose
very strong restriction on the geometry of these Lagrangian correspondences.
This definition of geometric composition is well suited to the wrapped Lagrangian
Floer theory. However, it causes one potential trouble: in general the geometric
composition of arbitrary two conical Lagrangian submanifolds might no longer be
conical, because of the Hamiltonian perturbation. In the next subsection, we will
impose a further condition on such geometric compositions, and explain how the
wrapped Floer cohomology can still be defined for these particular kinds of La-
grangian submanifolds.
In this section, we shall focus on the case of the geometric composition of a conical
Lagrangian submanifold L ⊂ M with an admissible Lagrangian correspondence
L ⊂ M− × N . We also call ι : L ◦HM L → N the geometric transform of L
by L. Studying geometric compositions of general Lagrangian correspondences as
in Definition 6.1 is of importance to further purposes, for example, understanding
composition of functors. However, currently there are still unsolved technical issues
concerning wrapped Floer theory in multiple products of Liouville manifolds, so we
will not discuss that point.
6.2. Wrapped Floer cohomology of the geometric composition. Assume
from now on that the geometric composition ι : L◦HML → N is a proper embedding.
However, it may no longer be conical. Thus proving well-definedness of its wrapped
Floer cohomology is a task before trying to prove the isomorphism of wrapped
Floer cohomology under geometric composition (1.7). This subsection is devoted
to proving the first part of Theorem 1.5.
Let f be the primitive for L and F be the primitive for L. That is, df = λM |L
and dF = (−λM × λN )|L. The following lemma provides a canonical choice of a
primtive for the geometric composition:
Lemma 6.2. If ι : L ◦HM L → N is a proper embedding, then
(6.2) g = (f + F ◦ (ψHM × idN ) + iXHM λM ) ◦ ι−1
is a primitive for the Lagrangian submanifold ι(L ◦HM L) of N . Here iXHM λM
means contracting the one-form λM by the Hamiltonian vector field XHM . In par-
ticular, L ◦HM L is exact.
Proof. Recall that (the preimage of) the geometric composition is the fiber product
over the graph of ψHM :
(6.3) L×Γ(ψHM ) L = {(p, ψHM (p), q) ∈M ×M ×N |p ∈ L, (ψHM (p), q) ∈ L}
which is canonically isomorphic to the fiber product over the diagonal of L and the
perturbed L:
(6.4) L×∆M (ψ−1HM×idN )L = {(p, p, q) ∈M×M×N |p ∈ L, (p, q) ∈ (ψ−1HM×idN )L}
By tranversality assumption, L ◦HM L is a smooth submanifold of M ×M ×N and
comes with a natural smooth map ι to N induced by the projection M×M×N → N
sending (p, ψHM (p), q) to q. Moreover, the above isomorphism is canonical in the
sense that the second fiber product (6.4) also has a natural map to N which agrees
with ι, sending (p, p, q) to q. We will for convenience seek a function on (6.4) whose
differential is equal to the pullback of λN .
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Since F is a primitive for L with respect to the one form (−λM × λN )|L, a
canonical choice of a primitive for the perturbed Lagrangian correspondence (ψ−1HM×
idN )L is given by:
(6.5) F˜ = F ◦ (ψHM × idN ) + iXHM λM .
The above formula is obtained from the proof of the well-known fact that a Hamil-
tonian symplectomorphism is an exact symplectomorphism in an exact symplectic
manifold, which writes down an explicit formula for the change of the primitive
under a Hamiltonian isotopy. To clarify the above formula, the value of F˜ at a
point (p, q) ∈ (ψ−1HM × idN )L is
(6.6) F (ψHM (p), q) + (iXHM λM )(p).
By noting that on the diagonal ∆M , the restriction of λM × (−λM ) equals zero, we
may add f and F˜ together and restrict that to the fiber product L ×∆M (ψ−1HM ×
idN )L to obtain a fuction h (h ◦ ι−1 = g) satisfying
(6.7) dh = λN |L×∆M (ψ−1HM×idN )L.
Finally, recall that ι : L ×∆M (ψ−1HM × idN )L → N is induced by the projection
M ×M ×N → N , and therefore we may conclude that
(6.8) dg = λN |ι(L×∆M (ψ−1HM×idN )L),
as desired. 
Having extended f to the whole M and F to the whole M−×N which are locally
constant in the corresponding cylindrical ends, we get a natural extension of g to the
whole N . Let us try to analyze the behavior of g in the cylindrical end ∂N×[1,+∞).
Since we assume the geometric composition to be properly embedded in N , the
Lagrangian correspondence L in consideration should be conical with respect to
the natural choice of cylindrical end Σ × [1,+∞) of M− × N , and the projection
L → N must be proper. As a consequence, the primitive F is locally constant in
Σ × [1,+∞). Note that the projection of Σ × [1,+∞) to the N -factor contains a
cylindrical part ∂N × [A,+∞) of N , for some constant A possibly slightly bigger
than 1. Thus for a point q ∈ ι(L×∆M (ψ−1HM ×idN )L)∩∂N× [1,+∞) which lies on a
hypersurface ∂N×{R} for large R, F (ψHM (p), q) is uniformly bounded independent
of R, for the unique point (p, p, q) = ι−1(q) ∈ L×∆M (ψ−1HM × idN )L. Also, for the
same reason, f(p) is uniformly bounded independent of the position of q. It remains
to estimate the term (iXHM λM )(p). Since L → N is proper, for R sufficiently large,
the point ψHM (p) must lie in the cylindrical end ∂M × [1,+∞), thus on some
hypersurface ∂M × {R1} for some R1 = R1(R) depending on R. Moreover, as R
increases, R1 also increases. Since HM is quadratic in the radial coordinates on the
cylindrical end ∂M× [1,+∞), the Hamiltonian symplectomorphism ψHM preserves
the cylindrical end ∂M × [1,+∞) and in fact preserves every level hypersurface.
Thus p ∈ ∂M × {R1} also. As a consequence, we may calculate that
(6.9) (iXHM λM )(p) = 2R
2
1.
The crucial fact is that it is constant along the hypersurface ∂M × {R1}, and
therefore independent of the position of the point q ∈ ∂N × {R} as long as q
various on the R-level hypersurface.
WRAPPED FLOER COHOMOLOGY AND LAGRANGIAN CORRESPONDENCES 41
It is with this choice of primitive g for the geometric composition L ◦HM L that
the wrapped Floer cohomology is to be defined. In a more categorical language,
the geometric composition L◦HM L together with its canonical grading and relative
spin structure as well as this particular choice of primitive becomes an object of the
wrapped Fukaya category. We will not investigate the A∞-structures in this paper,
but rather focus on the wrapped Floer cohomology. Since we always assume that ι
is a proper embedding, we will quite ofen write L ◦HM L instead of ι(L ◦HM L) for
the Lagrangian submanifold of N by abuse of notation.
As before, we understand that the main difficulty in proving well-definedness of
wrapped Floer cohomology for the geometric composition is with the compactness
of the relevant moduli spaces. The general strategy is to make use of the action-
energy equality (2.18) to provide a priori energy bound for the inhomogeneous
pseudoholomorphic strips in terms of the action of the asymptotic Hamiltonian
chords. Thus we shall always begin by estimating the action of Hamiltonian chords
in consideration.
First, we explain why the self wrapped Floer cohomologyHW ∗(L◦HML, L◦HML)
is well-defined. Let y be an HN -chord from L ◦HM L to itself. Then its action is
calculated by the following formula:
(6.10) AHN ,L◦HML(y) = −
∫ 1
0
y∗λN +HN (y(t))dt+ g(y(1))− g(y(0)).
If y lies in the interior part of N , we may ensure that |AHN ,L◦HML(y)| is small, say
bounded by a small constant c, by choosing HN to be small in the interior part. If y
lies in the cylindrical end ∂N× [1,+∞), it must lie on some hypersurface ∂N×{R}
for some R, by the Hamilton’s equation. Thus the integral term contributes −R2 to
the aciton. It remains to estimate g(y(1))−g(y(0)). Since y(1) and y(0) lies on the
same hypersurface ∂N × {R}, we may deduce that |g(y(1))− g(y(0))| is uniformly
bounded independent of R, because of the above analysis on the behavior of the
primitive g, in particular the calculation (6.9) showing that the values of iXHM λM
at p1 and p0 agree, where the point pi is defined by (pi, pi, y(i)) = ι
−1(y(i)), for
i = 1, 2. Therefore, we obtain the following estimate for the action of such a
Hamiltonian chord:
(6.11) −R2 − C ≤ AHN ,L◦HML(y) ≤ −R2 + C,
where C is a universal constant independent of R, which depends only on L,L and
the Hamiltonians HM , HN , all of which are given data.
Now we are ready to prove the desired compactness results. First, for fixed
Hamiltonian chords y0, y1 from ι(L ◦HM L) to itself, the action-energy equality
(2.18) implies that for any u ∈ M¯(y0, y1), its energy E(u) = AHN ,L◦HML(y0) −AHN ,L◦HML(y1) is fixed. Also, the maximum principle prevents any component of
the broken inhomogeneous pseudoholomorphic strip from escaping to infinity, and
therefore Gromov compactness theorem can be applied and implies that M¯(y0, y1)
is compact. This argument only uses the exactness condition and does not rely on
the estimate of the action of Hamiltonian chords as above. Second, for fixed y1,
if there were infinitely many y0’s for which M¯(y0, y1) is non-empty, there must be
one which lies on ∂N × {R} for some large R. For u ∈ M¯(y0, y1), its energy then
satisfies
(6.12) −R2 − C −AHN ,L◦HML(y1) ≤ E(u) ≤ −R2 + C −AHN ,L◦HML(y1),
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which is negative for R sufficiently large, as AHN ,L◦HML(y1) is fixed. This is a
contradiction and thus proves that for fixed y1, M¯(y0, y1) is empty for all but
finitely many y0’s. Therefore, the differential on CW
∗(L ◦HM L, L ◦HM L) has a
finite output, and the self wrapped Floer cohomology is well-defined in the usual
sense.
Second, we would like to show that the wrapped Floer cohomology HW ∗(L◦HM
L, L′) is well-defined, for some conical Lagrangian submanifold L′ of N , with a
locally constant primitive f ′. For an HN -chord y from L ◦HM L to L′, its action is
(6.13) AHN ,L◦HML,L′(y) = −
∫ 1
0
y∗λN +HN (y(t))dt+ f ′(y(1))− g(y(0)).
The first two terms are the same as those in the previous case, so it suffices to
estimate f ′(y(1))− g(y(0)). If y lies on ∂N × {R}, then f ′(y(1)) is some constant
C ′ because f ′ is locally constant in the cylindrical end, while 2R21 −D ≤ g(y(0)) ≤
2R21 + D, where D is a universal constant independent of R and depends only on
the bounds of f, F , both of which are uniformly bounded. Therefore,
(6.14) f ′(y(1))− g(y(0)) ≤ C ′ − 2R21 +D.
Recall R1 = R1(R) increases as R increases, so R1 → +∞ as R → +∞, and
correspondingly f ′(y(1))− g(y(0))→ −∞. Based on the previous argument using
action-energy equality, this is enough to establish compactness results for the rele-
vant moduli space M¯(y0, y1), hence confirming well-definedness of wrapped Floer
cohomology in this case.
Third, we attempt to prove that the wrapped Floer cohomology HW ∗(L′, L◦HM
L) is well-defined. Note this is not symmetric to the second case in the presence of
wrapping, so an independent proof is necessary. A Hamiltonian chord y from L′ to
L ◦HM L has action
(6.15) AHN ,L′,L◦HML(y) = −
∫ 1
0
y∗λN +HN (y(t))dt+ g(y(1))− f ′(y(0)).
This situation is somewhat opposite to the previous one, as g(y(1)) − f ′(y(0)) is
approximately 2R21 up to some bounded constant, which does not go to −∞ as
R→ +∞, but instead goes to +∞. This appears to be an essential obstruction to
making wrapped Floer cohomology well-defined, which we cannot resolve temporar-
ily. In this regard, we shall restrict ourselves to some special classes of Lagrangian
correspondences L. Either of the following condition is sufficient for the wrapped
Floer cohomology HW ∗(L′, L ◦HM L) to be well-defined:
(i) There are only finitely many time-one HN -chords from L
′ to L◦HM L. The
typical example is L = ∆M ⊂M− ×M the diagonal, and L,L′ are conical
Lagrangian submanifolds of M whose Legendrian boundary ∂L, ∂L′ do not
intersect (this is a generic condition).
(ii) For geometric reason from the geometry of L, we may deduce that R1 =
R1(R) ≤ cR for some constant 0 < c <
√
2
2 .
The above conditions are temporary, as currently there are no better or more nat-
ural conditions to be formulated. Fortunately, we will not frequently consider
HW ∗(L′L ◦HM L) as it does not appear in the isomorphism of wrapped Floer
cohomology under geometric composition.
Finally, it remains to understand the well-definedness of the wrapped Floer co-
homology HW ∗(L1 ◦H L1, L2 ◦H L2), for a pair of geometric compositions. This
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time, the action of a Hamiltonian chord y from L1 ◦H L1 to L2 ◦H L2 is:
(6.16) AHN ,L1◦HL1,L2◦HL2(y) = −
∫ 1
0
y∗λN +HN (y(t))dt+ g2(y(1))− g1(y(0)),
where gi is the canonical choice of the primitive for Li ◦H Li, as in (6.2). As before,
in order to prove the desired compactness results, it suffices to prove that if y lies
on ∂N × {R}, its action is sufficiently negative as long as R is sufficiently large,
and decreases as R increases, at least for large values of R. Again, the integral
terms contribute −R2. To estimate g2(y(1))− g1(y(0)), we recall from the definion
of these primitives gi in (6.2) that the term iXHM λM appears in both g2 and g1,
and takes the same at p1 and p0 since y(1) and y(0) lies on the same hypersurface
∂N × {R}. Thus when substracting g1(y(0)) from g2(y(1)), the contribution from
this term cancel. The remaining terms are
(6.17) f2(p1) + F2(ψHM (p1), y(1))− f1(p0)− F1(ψHM (p0), y(0)),
which is uniformly bounded independent of R since all these functions are locally
constant in the corresponding cylindrical ends. Thus, the actionAHN ,L1◦HL1,L2◦HL2(y)
satisfies
(6.18) −R2 − C ≤ AHN ,L1◦HL1,L2◦HL2(y) ≤ −R2 + C,
for some universal constant C depending only on L1, L2,L1,L2 (and their primi-
tives), as well as the Hamiltonians HM , HN , but not on R. For sufficiently large R,
this estimate shows the desired result.
6.3. Representability by the geometric composition. The geometric compo-
sition L◦HM L provides a natural candidate to represent the module-valued functor
constructed in the previous section. The first and essential step toward proving
this fact is the isomorphism on wrapped Floer cohomologies under this geometric
composition. The full A∞-structures will be discussed in [Gao].
Recall that in the context of wrapped Fukaya categories, the geometric compo-
sition of L and L is defined to be the Lagrangian immersion:
(6.19) ι : L ◦HM L = L×Γ(ψHM ) L → N,
where L×Γ(ψHM )L is the fiber product of L and L over the graph of ψHM ⊂M−×M .
Here the map ι is induced by the projection M ×M × N → N . As discussed in
the preceding subsection, there is a well-defined wrapped Floer cohomology for the
geometric composition. In this subsection, we prove the second part of Theorem
1.5.
Before we discuss the proof, let us first observe that there is a natural identifica-
tion between generalized chords for (L,L, L′) and time-one HN -chords from L′ to
itself, which yields a map of abelian groups
(6.20) CW ∗(L,L, L′) ∼= CW ∗(L ◦HM L, L′).
However, this naive identification is not a cochain map in general, so we want to
”correct” this to make it a cochain map.
The proof again uses a quilted Floer-theoretic construction. We consider a
quilted surface Sgc consisting of two patches Sgc0 , S
gc
1 , where S
gc
0 is a disk with
two positve boundary punctures near which strip-like ends 0,j , j = 0, 1 are chosen,
and Sgc1 is a disk with one negative boundary puncture and two positive boundary
punctures, near which strip-like ends 1,j , j = 0, 1, 2 are chosen. We seam together
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Figure 3. the quilted map defining the isomorphism under geo-
metric composition
the boundary component I0,1 with I1,2. The quilted surface S
gc then has one nega-
tive strip-like end and two positive quilted ends, each one consisting of two strip-like
end components.
We consider the moduli space N ((γ0, γ1); e, θ) of inhomogeneous pseudoholo-
morphic quilts u : Sgc
′ → (M,N), with Lagrangian seam and boundary conditions:
(u0(x), u1(x) ∈ L for x along the seam, and u0(I0,0) ⊂ L, u1(I1,0) ⊂ L ◦HM L.
The asymptotic conditions we put are the following: over the negative quilted
end, u should converge to a HN -chord θ in N from L ◦HM L to L′; over the posi-
tive quilted end consisting of (0,0, 1,1), u should converge to a generalized chord
(γ0, γ1) for (L,L, L′); over the other positive quilted end, u should converge to the
generalized chord e for (L,L, L ◦HM L) which corresponds to the unique Hamil-
tonian chord in M2 from L ◦HM L to itself, representing the cohomological unit in
HW ∗(L ◦HM L, L ◦HM L). More precisely, we should also include a time-shifting
function and use moving boundary conditions and Floer data that are compatible
with the time-shifting function. Since these kinds of discussions have been carried
out a lot of times, we will omit them here.
The outcome is a cochain map
(6.21) gc : CW ∗(L,L, L′)→ CW ∗(L ◦HM L, L′),
which induces the desired map on cohomology.
To prove this cochain map induces an isomorphism on cohomology, we proceed
in the following three steps. First recall from section 3.3 that the cohomological
unit in HW ∗(L◦HM L, L◦HM L) is represented by a unique Hamiltonian chord γmin
from L ◦HM L to itself that is contained in the the interior of N , which has the
biggest action compared to all other chords. Moreover, by the argument in section
3.3, we have the quantitative estimate: for any  > 0, we may choose the admissible
Hamiltonian HN on N with its C
2-norm small enough in the interior, such that
the action of γmin satisfies
|AHN ,L◦HML,L◦HML(γmin)| ≤ .
Moreover, we may arrange that the action of γmin is the biggest among all the
HN -chords from L ◦HM L to itself.
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Second, we need to provide a lower bound for the energy of the inhomogeneous
pseudoholomorphic quilt u : Sgc → M . This is a general property of non-trivial
pseudoholomorphic curves. We first fold the quilt to get an inhomogeneous pseu-
doholomorphic curve in the product manifold M− ×N with Lagrangian boundary
conditions. Then we use a traditional trick due to Gromov to convert this in-
homogeneous pseudoholomorphic curve to a pseudoholomorphic section of some
locally trivial Hamiltonian fibration whose projection is holomorphic with respect
to a unique almost complex structure on the total space determined by the almost
complex structures and Hamiltonian functions chosen on the Liouville manifolds
M− and N . If the original quilted map is not a trivial solution, then this pseudo-
holomorphic section is not contained in the horizontal distribution, and therefore
attains some energy in the vertical direction. Gromov’s monotonicity lemma then
ensures minimal amount of energy, say δ, that every non-trivial pseudoholomorphic
curve has to attain. We may assume δ > , by choosing  smaller if necessary.
Finally, we consider the action filtrations (from below) on these two wrapped
Floer cochain complexes. By a general action-energy equality 4.5, combined with
the previous two steps, it follows that the map gc increases the action and therefore
preserves the filtrations on these filtered cochain complexes. Inhomogeneous pseu-
doholomorphic quilts with minimal energy among all those with the same boundary
conditions and asymptotic conditions at the quilted cylindrical end only increase
the action by the smallest possible amount, and they must necessarily be trivial
solutions, mapping the entire quilted surface into generalized chords, which iden-
tify the input and output generalized chords, and pass through the constraint given
by the fundamental class of L ◦HM L. This defines a map gc0, which is precisely
the natural identification (6.20). Other inhomogeneous pseudoholomorphic maps of
this kind have positive energy, and define another map gc+ which strictly increase
the action. Now gc can be decomposed as gc = gc0 + gc+, where gc0 preserves
the action and is an isomorphism of modules, and gc+ strictly increases the ac-
tion. From this viewpoint, gc can be regarded as an upper triangular matrix whose
diagonal entries are invertible, so by elementary algebra it is an isomorphism of
modules. Therefore gc is an isomorphism of cochain complexes, and in particular
induces an isomorphism on cohomology.
Remark 6.3. More generally, one would consider the geometric composition of
two Lagrangian correspondences L01 ⊂ M−0 ×M1 and L12 ⊂ M−1 ×M2, and hope
to prove a similar isomorphism:
HW ∗(L,L01,L12, L′) ∼= HW ∗(L,L01 ◦HM1 L12, L′).
However, as mentioned in the section 4.3 defining quilted wrapped Floer cohomol-
ogy, there is certain essential difficulty in proving well-definedness of wrapped Floer
cohomology for the pair (L01 × L′, L×L12) in the triple product M−0 ×M1 ×M−2 .
This is why we did not discuss such an isomorphism in this paper. But since it is
important for the purpose of understanding compositions of these functors, we plan
to discuss this point in future research.
7. From split Hamiltonians to admissible Hamiltonians
7.1. Outline of strategy. The entire section is devoted to the proof of Theo-
rem 1.1 and Theorem 1.2. We first give an outline of the strategy taken here.
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Note that the symplectic action functional on the space of paths from one La-
grangian submanifold to the other, associated to each Hamiltonian as well as the
Lagrangian submanifolds together with their primitives, defines a filtration on the
Floer cochain complexes. We can arrange that the truncated Floer cochain com-
plexes CW ∗(−∞,a](L0, L1;H,J) for a positive number a captures all essential in-
formation, because we can set up wrapped Floer theory using Hamiltonians that
are C2-small in the interior part of the Liouville manifold. Such Hamiltonians are
practically convenient for setting up wrapped Floer theory of a Liouville manifold,
which turns out to be independent of the behavior of Hamiltonians in the interior
part, as long as they are generic. In particular, the action of any time-one chord for
such a Hamiltonian either negative or bounded above from a given positive num-
ber, which depends only on the Lagrangian submanifolds which the chord starts
from and lands on. The main strategy is then to change the split Hamiltonian to
an admissible one in several steps, while keeping track of the action of the new
chords that possibly appear in each step. We will make sure that the potentially
newly arising chords all have sufficiently positive action, so we can eventually rule
them out in the truncated Floer cochain complexes as they do not contribute to
Floer cohomology. In this section, by chords we always mean time-one Hamiltonian
chords, unless we specify the time.
Now consider the product Liouville manifold M ×N with the product Liouville
form λ = λM
⊕
λN . Let L0,L1 ⊂M ×N be Lagrangian submanifolds, which are
(i) either conical with respect to the cylindrical end Σ × [1,+∞) of M × N
described in section 2.2. We choose primitives fL0 , fL1 such that they are
locally constant over the cylindrical end Σ× [1,+∞).
(ii) or product Lagrangian submanifolds L0 = L0 × L′0,L1 = L1 × L′1 of con-
ical Lagrangian submanifolds L0, L1 ⊂ M and L′0, L′1 ⊂ N . In this case
the primitive fLi is the sum pi
∗
MfLi + pi
∗
NfL′i of primitives for Li and L
′
i
respectively, which are locally constant over the cylindrical ends of M and
N respectively.
(iii) or one is conical with respect to Σ× [1,+∞) and the other is a product.
While those cases seem to be very different, it turns out that our analysis does not
differ much in all cases. This is mainly due to the following (obvious) observation.
Lemma 7.1. Let L = L × L′ be a product of conical Lagrangian submanifolds
L ⊂ M,L′ ⊂ N . Let fL be a primitive for L which is locally constant over ∂M ×
[1,+∞), and similarly for fL′ . Then fL = pi∗MfLi + pi∗NfL′i is a primitive forL which is uniformly bounded in the cylindrical end Σ× [1,+∞), with max |fL| ≤
max(|fL|+|fL′ |). In particular, it is locally constant in the region (∂M×[1,+∞))∪
(∂N × [1,+∞)).
For each time-dependent Hamiltonian function Ht, we can define the action
functional:
(7.1) AH,L0,L1(Γ) = −
∫ 1
0
Γ∗λ+
∫ 1
0
H(t,Γ(t))dt+ fL1(Γ(1))− fL0(Γ(0)),
where Γ is a time-one Ht-chord from L0 to L1. The action functional defines a
filtration on the free graded module over the set of XHt-chords. And if Ht has
certain growth condition (not necessarily quadratic) such that the Floer complex
CW ∗(L0,L1;H,J) is defined, it also defines a filtration on this complex. The same
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remark applies to the case where H is time-independent which will be our primary
concern in this section.
We start from the split Hamiltonian HM,N = pi
∗
MHM + pi
∗
NHN . Since HM and
HN are chosen to be C
2-small in the interior, we may assume that there exists a
 > 0 such that
| −
∫ 1
0
Γ∗λ+
∫ 1
0
H(Γ(t))dt| ≤ 
for every (HM,N )-chord Γ that lies in the interior of M ×N which can be identified
with the product of the interior of M with the interior of N . Fix a positive number
a > 0 which is bigger than max (|fL0 |+ |fL1 |) + . Thus the truncated Floer
cochain complex CW ∗(−b,a](L0,L1;HM,N , JM,N ) includes all Hamiltonian chords in
the interior of M ×N . The goal is to find an admissible Hamiltonian K as well as
an almost complex structure J of contact type such that for each b we can construct
the following sequence of cochain maps:
CW ∗(−b,a](L0,L1;HM,N , JM,N )→ CW ∗(−b,a](L0,L1;K,J)
→ CW ∗(−5b,a](L0,L1;HM,N , JM,N )→ CW ∗(−5b,a](L0,L1;K,J)
(7.2)
with the property that the following two compositions
CW ∗(−b,a](L0,L1;HM,N , JM,N )→ CW ∗(−5b,a](L0,L1;HM,N , JM,N ),
CW ∗(−b,a](L0,L1;K,J)→ CW ∗(−5b,a](L0,L1;K,J)
are inclusions with respect to the corresponding action filtrations. This is enough
to establish the desired isomorphism between the two Floer cohomology groups.
7.2. The first step. We first deformation the Hamiltonian HM,N so that it be-
comes constant outside a compact set. The key is to choose the constant and the
compact set carefully so that the additional chords that could possibly appear after
change of Hamiltonians have sufficiently postive action, which can then be excluded
from the truncated Floer complexes and do not contribute to Floer cohomology.
We review conditions on the two Hamiltonians HM and HN . Recall that we
have chosen HM such that HM (r1) = r
2
1 for r1 ≥ 1 + , and in the region {r1 ≤ 1},
HM is C
2-small taking values in [−, 0], and has C1-norm less than . Moreover,
we can assume the derivative ∂HM∂r1 ≤ 4 , since the increasing amount of the function
HM from r1 = 1 to r1 = 1 +  is not bigger than (1 + )
2 − . We impose the same
conditions on HN .
We know that for Hamiltonians that increase over the cylindrical end having
growth rate bigger than linear functions, the chords will have more negative action
as the level they lie in increases. So given b > 0, we can choose A sufficiently
large such that all chords (in the product, of the original split Hamiltonian HM,N )
initially having action greater than −b are contained in the ”square” region {r1 ≤
A, r2 ≤ A}. Then we deform it to a new Hamiltonian H1 = HM,1 +HN,1 which is
still of split type (namely HM,1 depends only on M -factor and HN,1 depends only
on N -factor), such that
HM,1 =
{
HM (r1) if r1 ≤ A− ,
C if r1 ≥ A.
HN,1 =
{
HN (r1) if r2 ≤ A− ,
C if r2 ≥ A.
(7.3)
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Here we are going to take
(7.4) C = (A− 3
4
)2.
Moreover, we require that
(7.5)
{
∂HM,1
∂r1
≤ 2A3 , r1 ∈ [A− , A];
∂HN,1
∂r2
≤ 2A3 , r2 ∈ [A− , A].
These requirements are possible since total variation of HM,1 or HN,1 is
A
2 − 7
2
16
in the region r1 ∈ [A− , A] or r2 ∈ [A− , A].
To illustrate what indeed happens, we should think of both the Hamiltonians
HM and HN are being deformed to the constant function C outside a compact
set bounded by A in exactly the same way (as functions on the half ray [1,+∞).
We arrange such deformation carefully to make sure the resulting Hamiltonians
are still increasing, but grow in a tempered way in the region r1, r2 ∈ [A − , A].
Concretely, we impose certain bounds on derivatives of them with respect to the
redial coordinates r1 and respectively r2 within that range.
Now the new Hamiltonian HM,1 + HN,1 might have addtional time-one chords
from L0 to L1 compared to HM,N . There are four types of them:
(i) Constant chords on levels H1 = 2C (if they exist, they correspond to inter-
section points of L0 with L1). These have action
(7.6) AH1,L0,L1(Γ) = 2C + fL1(Γ(1))− fL0(Γ(0)),
which is sufficiently positive if we choose A sufficiently large, as C = (A−
3
4 )
2. In fact, these constant chords cannot exist generically, because the
Lagrangians are disjoint over the cylindrical ends, except the case L0 = L1.
Even L0 = L1 does not matter, because we may slightly perturb one to
geometrically separate them at infinity, without affecting wrapped Floer
cohomology.
(ii) Chords in M × N that project to Reeb chords in M on levels ∂M × {r1}
for r1 close to A (r1 ∈ [A− , A]), and project to constant chords in N on
levels HN,1 = C. These chords have action
AH1,L0,L1(Γ) = −
∂HM,1
∂r1
r1 +HM,1(r1) + C
+ fL1(Γ(1))− fL0(Γ(0))
≥ −2A
2
3
+ (A− )2 + C
+ fL1(Γ(1))− fL0(Γ(0))
 0,
(7.7)
if A is chosen sufficiently large (recall the primitives fL0 , fL1 are locally
constant over the cylindrical end). We will not repeat this kind of sentence,
unless special care is needed.
(iii) Chords in M×N that project to constant chords in M on levels HM,1 = C,
and Reeb chords in N on levels ∂N×{r2} for r2 close to A (r2 ∈ [A−, A]).
This case is symmetric to the above one.
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(iv) Chords in M×N that project to Reeb chords in M on levels ∂M×{r1} for
r1 close to A (r1 ∈ [A − , A]), and project to Reeb chords in N on levels
∂N × {r2} for r2 close to A (r2 ∈ [A− , A]). These chords have action
AH1,L0,L1(Γ) = −
∂HM,1
∂r1
r1 +HM,1(r1) +−∂HM,2
∂r2
r2 +HM,2(r2)
+ fL1(Γ(1))− fL0(Γ(0))
≥ −2A
2
3
+ (A− )2 − 2A
2
3
+ (A− )2
+ fL1(Γ(1))− fL0(Γ(0))
 0
(7.8)
To summarize, we have deformed the split Hamiltonian HM,N to a new one so
that the undesired Hamiltonian chords all have sufficiently positive action, which
therefore are excluded from the action filtration window (−b, a].
7.3. The second step. Now the Hamiltonian H1 = HM,1 + HN,1 (split-type) on
M ×N is constant equal to 2C in the region {r1 ≥ A, r2 ≥ A}. We want to deform
it to a Hamiltonian that is constant outside the compact set {r1 ≤ B, r2 ≤ B} for
appropriate choice of B > A to be determined.
By the first step, this is already the case in the region {r1 ≥ A, r2 ≥ A}. Consider
the following two regions:
I = M × (∂N × [A,+∞)),(7.9)
II = (∂M × [A,+∞))×N.(7.10)
We first deal with the region I. The other case is symmetric.
The idea is to find an appropriate way to deform pi∗MHM,1 to a new function
HI,2 on the region I by interpolating it with a suitable constant.
Definition 7.2. Define a smooth cut-off function ρ : [A,+∞)→ [0, 1] as follows.
(7.11) ρ =
{
0 on [A,A1],
1 on [B − ,+∞),
and is strictly increasing on [A1, B − ], where A1 > A is a big postive number to
be chosen later. Moreover, we require that for r2 ∈ [A1 + , B − 2], the derivative
of ρ is constant (namely ρ is linear), and this constant satisfies
(7.12) ρ′(r2) ≡ constant ∈ [ 1
B −A1 −  ,
1
B −A1 − 3 ].
These assumptions on the cut-off function ρ will imply the following conse-
quences:
Lemma 7.3. (i) The amount that ρ increases on the interval [A1 + , B − 2]
is between 1− 2B−A1− and 1;
(ii) The sum of the total variation of ρ on [A1, A1 + ] and on [B − 2, B − ]
is between 0 and 2B−A1− ;
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(iii) For r2 ∈ [A1, A1+], we have that 0 ≤ ρ(r2) ≤ 2B−A1− . And we can choose
ρ growing in a tempered way such that the derivative ρ′(r2) ≤ 3B−A1− for
all r2 ∈ [A1, A1 + ];
(iv) For r2 ∈ [B−2, B− ], we have that 1− 2B−A1− ≤ ρ(r2) ≤ 1. And we can
choose ρ such that the derivative ρ′(r2) ≤ 3B−A1− for all r2 ∈ [B−2, B−].
Proof. The proofs of all the four statements are elementary calculations. 
Now we define the function HI,2 as follows:
HI,2 : M × ∂N × [A,+∞)→ R,(7.13)
HI,2(x, y, r2) = (1− ρ(r2))HM,1(x) + ρ(r2)C.(7.14)
To see what Hamiltonian chords can possibly arise and to estimate their action,
first of all we need to find the Hamiltonian vector field for HI,2. The symplectic
form on M × ∂N × [A,+∞) is of the form ωM
⊕
d(r2λN |∂N ) where λN |∂N is the
contact form on ∂N . Thus we find that the Hamiltonian vector field of HI,2 has
the form:
(7.15) XHI,2(x, y, r2) = (1− ρ(r2))XHM,1(x)− (C −HM,1(x))ρ′(r2)Y∂N (y),
where Y∂N (y) is the Reeb vector field for λN |∂N on ∂N × {1}.
Again, the new Hamiltonian HI,2 +HN,1 might have additional time-one chords.
Consider such a time-one chord Γ of XHI,2 from L0 to L1. Its projection to M is a
XHM,1-chord γ of time-(1−ρ(r2)) (which does not necessarily starts from and ends
in Lagrangian submanifolds), along which HM,1 is constant equal to HM,1(γ(0)), by
Hamilton’s equation (since HM,1 is time-independent). Since XHI,2 does not have
∂
∂r2
-component, the chord Γ lies on some level {r2 = constant}. Hence its projection
to ∂N × [A,+∞) ⊂ N is a Reeb chord of Y∂N of time (C −HM,1(γ(0)))ρ′(r2) on
level ∂N×{r2} for some r2 ≥ A, but with opposite direction to the one determined
by Y∂N . To summarize, a time-one XHI,2-chord Γ corresponds to a pair (γ, θ) where
γ is a time-(1 − ρ(r2)) XHM,1 -chord in M and θ is a time-(C −HM,1(γ(0)))ρ′(r2)
Reeb chord for −Y∂N , located on the level ∂N × {r2}.
Now we compute the action of Γ. Note that we have only modified HM,1 +HN,1
on the region I = M × ∂N × [A,+∞) to the new one HI,2 + HN,1, so we should
compute the action with respect to HI,2 +HN,1. Furthermore, in the region I the
function HN,1 is constant, so we can replace it by its value C (the same C as in the
first step). A straightforward calculation by the definition of the action gives:
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AHI,2+HN,1,L0,L1(Γ) = −
∫ 1−ρ(r2)
0
γ∗λM −
∫ (C−HM,1(γ(0)))ρ′(r2)
0
−r2θ∗λN |∂N
+
∫ 1
0
HI,2(Γ(t))dt+ C + fL1(Γ(1))− fL0(Γ(0))
= −
∫ 1−ρ(r2)
0
γ∗λM + r2ρ′(r2)(C −HM,1(γ(0))) + ρ(r2)(C −HM,1(γ(0)))
+HM,1(γ(0)) + C + fL1(Γ(1))− fL0(Γ(0))
= −
∫ 1−ρ(r2)
0
γ∗λM + (1− ρ(r2)− r2ρ′(r2))HM,1(γ(0))
+ (1 + ρ(r2) + r2ρ
′(r2))C + fL1(Γ(1))− fL0(Γ(0)).
(7.16)
There are five possible classes of XHM,1 -chords, which are listed below. And
according to the class of the projection of Γ to the XHM,1 -chord γ, we estimate the
action of Γ. The goal is to show that the action is sufficiently positive.
(i) Short chords in the interior of M . Here we say these chord are short because
the Hamiltonian HM,1 is C
2-small there. For these chords, we have
(7.17)
∫ 1−ρ(r2)
0
γ∗λM ≤ .
Now there are three sub-cases to consider, depending on the value of r2.
(i a): r2 ∈ [A,A1], where ρ(r2) ≡ 0, ρ′(r2) ≡ 0. In this case, XHI,2 does not
have Y∂N -component. This implies that
AHI,2+HN,1,L0,L1(Γ) ≥ −+HM,1(γ(0)) + C + fL1(Γ(1))− fL0(Γ(0))
≥ C − 2+ fL1(Γ(1))− fL0(Γ(0))
 0.
(7.18)
(i b): r2 ∈ [B − ,+∞), where ρ(r2) ≡ 1, ρ′(r2) ≡ 0. In this case, XHI,2 is
zero so Γ is constant. Thus we have
AHI,2+HN,1,L0,L1(Γ) = HM,1(γ(0)) + C + fL1(Γ(1))− fL0(Γ(0))
≥ C − + fL1(Γ(1))− fL0(Γ(0))
 0.
(7.19)
(i c): r2 ∈ [A1, B− ]. Recall that HM,1 is C2-small, taking values in [−, 0].
Therefore we have
r2(C −HM,1(γ(0)))ρ′(r2) ≥ 0,
ρ(r2)(C −HM,1(γ(0))) ≥ 0
Thus we obtain the estimate
AHI,2+HN,1,L0,L1(Γ) ≥ −2+ C + fL1(Γ(1))− fL0(Γ(0))
 0.(7.20)
(ii) Reeb chords on level ∂M×{r1} for some r1 close to 1 (r1 ∈ [1, 1+]) where
HM,1(r1) ∈ [−, (1 + )2]. Recall we have assumed that ∂HM,1∂r1 ≤ 4 . For
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these chords, we have
(7.21)
∫ 1−ρ(r2)
0
γ∗λM ≤ 4

(1− ρ(r2)).
Now there are three sub-cases to consider, depending on the value of r2.
(ii a): r2 ∈ [A,A1], where ρ(r2) ≡ 0, ρ′(r2) ≡ 0. We have
AHI,2+HN,1,L0,L1(Γ) ≥ −
4

+HM,1(γ(0)) + C + fL1(Γ(1))− fL0(Γ(0))
≥ −4

− + C + fL1(Γ(1))− fL0(Γ(0))
 0.
(7.22)
Reminder: here  > 0 is small but fixed. So we can choose A large
(C = (A− 34 )2) such that the above estimate holds.
(ii b): r2 ∈ [B − ,+∞), where ρ(r2) ≡ 1, ρ′(r2) ≡ 0. We have
AHI,2+HN,1,L0,L1(Γ) ≥ −
4

+ 2C + fL1(Γ(1))− fL0(Γ(0))
 0.
(7.23)
(ii c): r2 ∈ [A1, B − ]. Since HM,1 takes values between − and (1 + )2, we
still have
r2(C −HM,1(γ(0)))ρ′(r2) ≥ 0,
ρ(r2)(C −HM,1(γ(0))) ≥ 0
Thus we obtain the estimate
AHI,2+HN,1,L0,L1(Γ) ≥ −
4

− + C + fL1(Γ(1))− fL0(Γ(0))
 0.
(7.24)
(iii) Reeb chords on level ∂M × {r1} for some r1 ∈ [1 + , A − ]. For these
chords, we have
(7.25)
∫ 1−ρ(r2)
0
γ∗λM = 2r21(1− ρ(r2)).
Now there are three sub-cases to consider, depending on the value of r2.
(iii a): r2 ∈ [A,A1], where ρ(r2) ≡ 0, ρ′(r2) ≡ 0. We have
AHI,2+HN,1,L0,L1(Γ) = −2r21 +HM,1(r1) + C + fL1(Γ(1))− fL0(Γ(0))
= C − r21 + fL1(Γ(1))− fL0(Γ(0))
≥ C − (A− )2 + fL1(Γ(1))− fL0(Γ(0))
=
A
2
− 7
2
16
+ fL1(Γ(1))− fL0(Γ(0))
 0.
(7.26)
(iii b): r2 ∈ [B − ,+∞), where ρ(r2) ≡ 1, ρ′(r2) ≡ 0. We have
AHI,2+HN,1,L0,L1(Γ) = C −HM,1(γ(0)) +HM,1(γ(0)) + C + fL1(Γ(1))− fL0(Γ(0))
= 2C + fL1(Γ(1))− fL0(Γ(0))
 0.
(7.27)
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(iii c): r2 ∈ [A1, B − ]. Since C = (A − 34 )2 > (A − )2 and HM,1(γ(0)) ≤
(A− )2, we still have
r2(C −HM,1(γ(0)))ρ′(r2) ≥ 0,
ρ(r2)(C −HM,1(γ(0))) ≥ 0
Hence,
AHI,2+HN,1,L0,L1(Γ) ≥ −2r21(1− ρ(r2)) + r21 + C + fL1(Γ(1))− fL0(Γ(0))
≥ C − (A− )2 + fL1(Γ(1))− fL0(Γ(0))
=
A
2
− 7
2
16
+ fL1(Γ(1))− fL0(Γ(0))
 0.
(7.28)
(iv) Reeb chords on level ∂M × {r1} for some r1 close to A (r1 ∈ [A − , A],
where
∂HM,1
∂r1
≤ 2A3 . So for these chords, we have
(7.29)
∫ 1−ρ(r2)
0
γ∗λM ≤ 2A
3
r1(1− ρ(r2)) ≤ 2A
2
3
(1− ρ(r2)).
Now there are five sub-cases to consider, depending on the value of r2.
(iv a): r2 ∈ [A,A1], where ρ(r2) ≡ 0, ρ′(r2) ≡ 0. We have
AHI,2+HN,1,L0,L1(Γ) ≥ −
2A2
3
+ r21 + C + fL1(Γ(1))− fL0(Γ(0))
≥ −2A
2
3
+ (A− )2 + C + fL1(Γ(1))− fL0(Γ(0))
 0.
(7.30)
(iv b): r2 ∈ [B − ,+∞), where ρ(r2) ≡ 1, ρ′(r2) ≡ 0. We have
AHI,2+HN,1,L0,L1(Γ) = HM,1(γ(0)) + C + fL1(Γ(1))− fL0(Γ(0))
≥ (A− )2 + C + fL1(Γ(1))− fL0(Γ(0))
 0.
(7.31)
(iv c): r2 ∈ [A1, A1+B2 ]. In this case, we can choose appropriate ρ such that
(7.32) 1− r2ρ′(r2)− ρ(r2) ≥ 0.
So the action satisfies
AHI,2+HN,1,L0,L1(Γ) = (1− r2ρ′(r2)− ρ(r2))r21 +
2A
3
(1− ρ(r2))r1
+ (1 + r2ρ
′(r2) + ρ(r2))C + fL1(Γ(1))− fL0(Γ(0))
≥ C + fL1(Γ(1))− fL0(Γ(0))
 0.
(7.33)
(iv d): r2 ∈ [A1+B2 , B− 2]. Recall that in this region, the derivative ρ′(r2) ≡
constant ∈ [ 1B−A1− , 1B−A1−3 ]. So we have
(7.34)
r2 −A1 − 
B −A1 −  ≤ ρ(r2) ≤
2
B −A1 −  +
r2 −A1 − 
B −A1 − 3 ≤
r2 −A1 + 
B −A1 − 3 ,
(7.35)
r2
B −A1 −  ≤ r2ρ(r2) ≤
r2
B −A1 − 3 .
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Thus we obtain
1− r2ρ′(r2)− ρ(r2) ≥ 1− 2r2 −A1 + 
B −A1 − 3
≥ 1− 2B −A1 − 3
B −A1 − 3
= −1− A1 + 3
B −A1 − 3 ,
(7.36)
and also
1 + r2ρ
′(r2) + ρ(r2) ≥ 1 + 2r2 −A1 − 
B −A1 − 
≥ 1 + 2
A1+B
2 −A1 − 
B −A1 − 
= 1 +
B − 
B −A1 − 
= 2 +
A1
B −A1 −  .
(7.37)
Thus the action satisfies
AHI,2+HN,1,L0,L1(Γ) ≥ (−1−
A1 + 3
B −A1 − 3 )r
2
1 + (2 +
A1
B −A1 −  )C
+ fL1(Γ(1))− fL0(Γ(0))
≥ (−1− A1 + 3
B −A1 − 3 )A
2 + (2 +
A1
B −A1 −  )(A−
3
4
)2
+ fL1(Γ(1))− fL0(Γ(0))
(7.38)
We may choose A1, B sufficiently large such that 2 +
A1
B−A1− is much
bigger than 1+ A1+3B−A1−3 , which will then ensure thatAHI,2+HN,1,L0,L1(Γ)
0.
(iv e): r2 ∈ [B − 2, B − ]. Here we have
(7.39) 1− 2
B −A1 −  ≤ ρ(r2) ≤ 1.
This case is special - we realize that we need the following additional
assumption on the choice of the function ρ:
Assumption 7.4. 0 ≤ ρ′(r2) ≤ 1B−A1− , for r2 ∈ [B − 2, B − ].
This assumption does not conflict any previous estimates in which
we do not use many assumptions on ρ. There are of course a lot of
functions that satisfy this assumption. With this, we can estimate the
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action:
AHI,2+HN,1,L0,L1(Γ) = (1− r2ρ′(r2)− ρ(r2))r21 + (1 + r2ρ′(r2) + ρ(r2))C
+
2A
3
r1(1− ρ(r2))r1 + fL1(Γ(1))− fL0(Γ(0))
≥ (1− r2
B −A1 − 1)r
2
1 + (1 + 1−
2
B −A1 −  )C
+ fL1(Γ(1))− fL0(Γ(0))
≥ (− B − 
B −A1 −  + (2−
2
B −A1 −  )C
+ fL1(Γ(1))− fL0(Γ(0))
≥ (−1− A1
B −A1 −  )A
2 + (2− 2
B −A1 −  )(A−
3
4
)2
+ fL1(Γ(1))− fL0(Γ(0))
 0
(7.40)
for suitable choice of A1, B such that (2− 2B−A1− )+(−1− A1B−A1− ) is
strictly bigger than zero. An easy computation shows that it suffices
to require that B > 2A1.
(v) Constant chords on level ∂M × {r1} for r1 ≥ A, where HM,1 ≡ C. For
these chords, we have
(7.41)
∫ 1−ρ(r2)
0
γ∗λM = 0.
Now there are three sub-cases to consider, depending on the value of r2.
(v a): r2 ∈ [A,A1], where ρ(r2) ≡ 0, ρ′(r2) ≡ 0. We have
AHI,2+HN,1,L0,L1(Γ) = HM,1(γ(0)) + C + fL1(Γ(1))− fL0(Γ(0))
= 2C + fL1(Γ(1))− fL0(Γ(0))
 0.
(7.42)
(v b): r2 ∈ [B − ,+∞), where ρ(r2) ≡ 1, ρ′(r2) ≡ 0. We have
AHI,2+HN,1,L0,L1(Γ) = 2C + fL1(Γ(1))− fL0(Γ(0))
 0.(7.43)
(v c): r2 ∈ [A1, B − ]. Again, we have
AHI,2+HN,1,L0,L1(Γ) = 2C + fL1(Γ(1))− fL0(Γ(0))
 0.(7.44)
We have finished deforming HM,1 +HN,1 to HI,2 +HN,1 whose additional time-
one chords involved all have sufficiently positive action. We then perform a sym-
metric construction in the region II = ∂M × [A,+∞) × N deforming HN,1 to
HII,2, which is constant for r2 ≥ B, while the addtional time-one chords all have
sufficiently positive action.
The upshot of this second step is that we get a Hamiltonian HI,2 + HII,2 on
M × N which agrees with the original split Hamiltonian HM,N , and is constant
equal to 2C outside the compact subset {r1 ≤ B, r2 ≤ B}. Also, the additional
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chords compared to the original Hamiltonian HM,N all have sufficiently positive
action.
So far, the requirements on the choice of the parameters A,A1, B are that A be
sufficiently large, and B > 2A1. There might be further constraint coming from
the third step to be carried out below, so we wait until finishing that step before
we specify the choices. But indeed, we will choose A1 and B both proportional
to A by suitable constant multiples, in order to carry out the homotopy procedure
systematically in section 7.6.
7.4. The third step. We then deform the Hamiltonian HI,2 +HII,2 to a Hamil-
tonian K which is admissible for the natural choice of the cylindrical end of M ×N
described in section 2.2. Namely, we want K to have quadratic growth in the radial
coordinate outside a compact set. To help better visualize the picture, we observe
that according to the description of the cylindrical end in section 2.2, the radial
coordinate r is roughly speaking r1 + r2 (precisely, with little deviation caused by
the two constants α, β as in section 2.2, but which can be chosen to be arbitrarily
close to 1). However we will not use this fact in our argument.
Note the Hamiltonian HI,2 +HII,2 is constant equal to 2C outside the compact
set {r1 ≤ B, r2 ≤ B}. In particular, this is true on Σ× [B,+∞). We then deform
it to a Hamiltonian K on Σ× [B,+∞) by a smooth cut-off function such that the
following holds:
(i) K agrees with HI,2 +HII,2 in the region {r ≤ B}. In particular, it agrees
with the split Hamiltonian HM,N in the region {r1 ≤ A− , r2 ≤ A− }.
(ii) K is convex and strictly increasing with respect to the radial coordinate on
Σ× [B,+∞).
(iii) For r ≥ B + , we have
(7.45) K(z, r) =
1
5
r2 + 2C − 1
5
(B +

2
)2.
(iv) K does not grow too fast in the region B ≤ r ≤ B + . Specifically, we
require that for r ∈ [B,B + ],
(7.46) 0 ≤ ∂K
∂r
≤ 2B
5
.
This is possible, since the amount that K increases from r = B to r = B+
is B5 − 3
2
20 .
With such a Hamiltonian K = Kb (depending on b), we can construct our desired
map.
Lemma 7.5. For such a Kb, there is a well-defined homomorphism of modules of
truncated Floer cochain groups:
(7.47) Rb : CW
∗
(−b,a](L0,L1;HM,N )→ CW ∗(−b,a](L0,L1;Kb)
Proof. The proof is based on analyzing the action of theK-chords, so that the action
of additional chords that do not agree with Hamiltonian chords for HI,2 +HII,2 is
sufficiently large and therefore does not fall in the action filtration window (−b, a].
Thus we are able to define the desired map on truncated Floer complexes, which is
basically the identity map (by identifying generators).
There might be additional K-chords of action not smaller than −b, which are on
the level hypersurface Σ× {r} for r close to B, say r ∈ [B,B + 2]. Let Γ be such
a chord, we estimate its action in the following two cases.
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(i) r ∈ [B,B + ]. In this case we have that
AK,L0,L1(Γ) ≥ −
2B
5
r + 2C
≥ −2B
5
(B + ) + 2C
= 2(A− 3
4
)2 − 1
5
(2B2 + 2B).
(7.48)
(ii) r ∈ [B + , B + 2]. In this case we have
AK,L0,L1(Γ) ≥ −
2
5
r2 +
1
5
r2 + 2C − 1
5
(B +

2
)2
≥ 2C − 1
5
r2 − 1
5
(B +

2
)2
≥ 2C − 1
5
(B + 2)2 − 1
5
(B +

2
)2
= 2(A− 3
4
)2 − 1
5
(2B2 + 5B
172
4
).
(7.49)
Now we specify the choice of B and A1 to make sure the above two estimates
are sufficiently positive. Note 2 < 3√
2
<
√
5 and 1 < 3
4
√
2
+ 12 <
3
2
√
2
. Let us take
B =
3√
2
A,
A1 = (
3
4
√
2
+
1
2
)A.
(7.50)
These choices ensure the action of the additional chords are sufficiently positive,
and also make the previous estimate (7.40) valid. This finishes all the steps in
deforming the split Hamiltonian to an admissilble one, so we obtain the desired
homomorphism of modules
(7.51) CW ∗(−b,a](L0,L1;pi∗MHM,1 + pi∗NHN,1)→ CW ∗(−b,a](L0,L1;K)

Regarding the other homomorphism
(7.52) CW ∗(−b,a](L0,L1;K)→ CW ∗(−5b,a](L0,L1;pi∗MHM,1 + pi∗NHN,1),
it is well-defined because of from the fact that (r1 + r2)
2 ≥ r21 + r22. In more detail,
this comes from the fact that within the region {r1 ≤ A− , r2 ≤ A− }, we have
not changed the Hamiltonian pi∗MHM,1 + pi
∗
NHN,1), and the chords that lie outside
this region all have action out of the filtration range, by our choices of constants A
and B = 3√
2
A,C = (A− 34 )2.
7.5. Almost complex structures. The matter with almost complex structures
is less subtle than that with Hamiltonians. This is a general feature of Floer theory
on non-compact manifolds: even though the almost complex structures are required
to be of contact type near infinity, there is still plenty of flexibility of perturbing
them (for example this is how we can achieve transversality). Suppose that we
have chosen regular JM (resp. JN ) for HM (resp. HN ) of contact type. According
to our construction, K agrees with HM,N for r1 ≤ A − , r2 ≤ A − , and is still
split (= HM,1 + HN,1 when r1 ≤ A1, r2 ≤ A1. We may then choose a regular J
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for K which is of the form JM,N when r1 ≤ A1, r2 ≤ A1, and is of contact type on
Σ× [B + ,+∞).
In fact, it does no harm even if we require J to be of split type when r1 ≤ B, r2 ≤
B. Regularity results still hold if we have chosen JM and JN generically. But we
do not quite need to make such an asumption here. In any case, we do not have to
worry too much about almost complex structures, as long as they are compatible
with the symplectic form, and of contact type outside a compact set.
7.6. A homotopy argument. There is a minor unsatisfactory point, which is that
the function K we obtained, more specifically the number B where the function
K starts growing quadratically, depends on the filtration number b. Thus, start-
ing from the inclusion CW ∗(−b,a](L0,L1;HM,N ) ⊂ CW ∗(−2b,a](L0,L1;HM,N ), we get
different Hamiltonians with respect to which wrapped Floer cochain spaces are de-
fined - one might not be directly seen as a subcomplex of the other. However, from
the viewpoint of homotopy invariance of wrapped Floer cohomology, this defect is
irrelevant. And that suggests that the following procedure can be done.
To indicate this dependence, let us denote by Bb the choice we make for B
according to b, and denote by Kb the Hamiltonian function K which is
1
5r
2 +
2C − 15 (B + 2 )2 for r ≥ B + . Also recall in our choices, A1, B are appropriate
constant multiples of A as in (7.50), and C = (A− 34 )2. In a word, every parameter
essentially depends only on A, and they have very explicit relations. We should
choose A according to b such that Awb =
√
2wAb. To arrive at a situation where
we get wrapped Floer complexes that have canonical inclusion relations, we need
to deform the Hamiltonians Kb in a uniform way to a single Hamiltonian K.
The way we construct this homotopy is as follows. Note that the time-(− lnB)
(the minus sign means backward) Liouville flow rescales the Hamiltonian Kb to be
one that is quadratic outside a small neighborhood of the compact set {r ≤ 1}. We
define the homotopy Kb,t =
Kb
t2B2 ◦ φ−tB . Define a homotopy of almost complex
structures in a similar way. The continuation map associated to this homotopy
gives a cochain homotopy equivalence:
(7.53) CW ∗(L0,L1;Kb, Jb)→ CW ∗(L0,L1;Kb,1, Jb,1).
Note that Kb,1 is quadratic outside a neighborhood of {r ≥ 1}, but for different
values of b this might behave slightly differently inside of this region. Nonetheless,
for each b we can take another compactly-supported homotopy of Hamiltonians to
make all Kb,1 the same, i.e. independent of b. We denote the resulting Hamiltonian
by K. Similarly, we modify the almost complex structure to obtain J independent
of b. Since the continuation map associated to compactly-supported homotopy
of Hamiltonians/almost complex structures is a cochain homotopy equivalence, its
composition with the previous cochain homotopy equivalence (7.53) yields a cochain
homotopy equivalence:
(7.54) hb : CW
∗(L0,L1;Kb, Jb)→ CW ∗(L0,L1;K,J)
Moreover, this cochain map increases action of Hamiltonian chords, hence pre-
serves the action filtrations of the form (−b, a] for a fixed at the beginning and
large enough for the Floer complex to be independent of a. This is because of the
action-energy identity (applied to the family of Hamiltonians). This we get cochain
homotopy equivalence
(7.55) hb : CW
∗
(−b,a](L0,L1;Kb, Jb)→ CW ∗(−b,a](L0,L1;K,J)
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on the truncated wrapped Floer complexes.
7.7. Isomorphism of wrapped Floer cohomologies. By the previous construc-
tion and estimates, we obtain the homomorphisms of modules (7.51). In order to
prove that the module homomorphism (7.51) is a cochain map, for which purpose
we need to understand how Floer differential and the map (7.2) affect the action
of Hamiltonian chords. We know that going along an inhomogeneous pseudoholo-
morphic strip (Floer trajectory) decreases the action, the differential increases the
action (because we are using cohomology), but there cannot be chords of action
greater than a. So these two truncated graded modules are indeed cochain com-
plexes with respect to the Floer differentials. Thus we get a diagram:
(7.56)
CW ∗(−b,a](L0,L1;HM,N , JM,N )
R−−−−→ CW ∗(−b,a](L0,L1;Kb, Jb)ym1 ym1
CW ∗(−b,a](L0,L1;HM,N , JM,N )
R−−−−→ CW ∗(−b,a](L0,L1;Kb, Jb)
Lemma 7.6. The above diagram (7.56) is commutative.
Proof. The proof is based on the observation that the map R is an inclusion
(usually identity) map and does not change action of the chords. Since running
along a Floer trajectory decreases the action, the differential increases the action
(because we are using cohomology). It follows that the image of a generator in
CW ∗(−b,a](L0,L1;HM,N , JM,N ) (which corresponds to a chord of action between −b
and a) under the Floer’s differential m1 = m1HM,N ,JM,N is a Z-linear combination
of HM,N -chords of action still bigger than −b. Moreover, there are no chords of
action greater than a, so these chords still have action between −b and a, which
under the action-restriction map R go to K-chords of action between −b and a.
Suppose that the two HM,N -chords Γ0,Γ1 under the map R, which are identical
to themselves but regarded as two K-chords, are connected by a Floer trajectory
(u, v) for (K,J). We have to show that they are in fact connected by a uniquely
corresponding Floer trajectory for (HM,N , JM,N ). Thus it suffices to prove that
the Floer trajectory for (K,J) is indeed a Floer trajectory for (HM,N , JM,N ), i.e.
the Floer trajectory does not escape from the region {r1 ≤ A − , r2 ≤ A − },
where (K,J) agrees with (HM,N , JM,N ). Suppose the contrary, namely that the
projection of (u, v) to some factor (either u or v) escapes outside of the level A− .
Let us suppose this is the case with u. Since the almost complex structure J is split
when r1 ≤ A1, r2 ≤ A1, the part of u where it lies below the level r1 = A1 satisfies
Floer’s equation defined by the datum (HM,1, JM ). So maximum principle implies
that u has to escape to some place where r1 > A1, where u might not satisfy Floer’s
equation as the Hamiltonian and almost complex structure are not of split type.
Without loss of generality, we may assume that the Hamiltonian chords Γ0,Γ1
are non-constant, otherwise they are contained in the compact domain M0×N0 and
any Floer trajectory cannot at all escape from that (possibly slightly larger) domain.
Also, under the genericity assumption, the projections of the two chords Γ0,Γ1 to M
are HM -chords γ0, γ1, which can be assumed to be non-trivial. Otherwise if they
are HM -chords in the interior of M , then no inhomogeneous pseudoholomorphic
strip connecting them can even escape outside the boundary ∂M . In that case,
there is nothing to prove.
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So let us suppose that γ0, γ1 are non-trivial, and correspond to Reeb chords on
some level hypersurfaces. This implies that in the place whenever u satisfies Floer’s
equation, the intersection u(Z) ∩ (∂M × {r1}) is either empty or a non-trivial arc.
Since we have assumed that u escapes outside of the level r1 = A1, we know that for
every r1 ∈ [A,A1], u∩(∂M×{r1}) is a non-trivial arc. In particular, this is the case
with u∩(∂M×{A}) and u∩(∂M×{A1}). On the other hand, u∩{A ≤ r1 ≤ A1} is
a JM -holomorphic curve, because the Hamiltonian HM,1 is constant there. Recall
that A1 = (
3
4
√
2
+ 12 )A. The following lemma implies that if A is chosen to be large
enough, then the energy of u is very large, which is not possible, because the energy
of u is bounded by that of the original Floer trajectory (u, v) in M ×N connecting
the given two chords with fixed amount of action. 
Lemma 7.7. Let JM be an almost complex structure on M of contact type over the
cylindrical end, and d > 1 a constant. Then there exists a constant c = c(JM , d) > 0
depending only on the almost complex structure JM , the constant d, such that the
following holds. Let S be a compact connected Riemann surface with boundary and
corners ∂S = ∂lS ∪ ∂nS, where the two boundary portions ∂lS and ∂nS can meet
at the corner points. Let f : S →M be any JM -holomorphic curve, which satisfies
(i) f(S) ⊂ ∂M × [A, dA];
(ii) f(∂nS) ∩ (∂M × {A}), f(∂nS) ∩ (∂M × {dA}) are both non-empty;
(iii) There exists a connected component C of ∂lS, such that f(C) is an arc in
∂M × [A, dA], with its two endpoints lying on ∂M × {A} and ∂M × {dA}
respectively.
Then we have
(7.57) Area(f) = EJM (f) =
∫
S
1
2
|df |2JM ≥ cA.
Proof. This essentially follows from Gromov’s monotonicity lemma. Alternatively,
this can be proved using inverse isoperimetric inequality. 
Now we utilize some homological algebra technique to finish the proof of Theorem
1.1. For this, let us organize the last small modifications in a more conceptual
form. The action-restriction map is strictly speaking defined to be the composition
of the map we constructed on truncated Floer cochain complexes, with the cochain
complex isomorphism provided by conjugating by Liouville flow, and then with the
continuation map defined by the C2-small homotopy of the Hamiltonian which is
supported in the interior of M × N bounded by Σ. Summarizing, we have the
following diagram (omitting the obvious choices of almost complex structures):
(7.58)
CW ∗(−b,a](L0,L1;HM,N )
Rb−−−−→ CW ∗(−b,a](L0,L1;Kb)
hb−−−−→ CW ∗(−b,a](L0,L1;K)yi yi yi
CW ∗(−2b,a](L0,L1;HM,N )
R2b−−−−→ CW ∗(−2b,a](L0,L1;K2b)
h2b−−−−→ CW ∗(−2b,a](L0,L1;K)yi yi yi
· · ·
where Rb, R2b, · · · are cochain isomorphisms, hb, h2b, · · · are cochain homotopy
equivalences, the vertical arrows are all natural inclusions. By the nature of our
construction, we have
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Lemma 7.8. The first square strictly commutes, the second square homotopy com-
mutes.
Proof. The commutativity of the first square is clear because K2b agrees with HM,N
on a larger region where Kb agrees with HM,N . The homotopy commutativity of
the second square is a general feature of continuation maps. 
Consider the composition hwb ◦ Rwb, which is a cochain homotopy equivalence
for every w = 1, 2, · · · . They fit into a diagram of directed systems of cochain
complexes, where the maps homotopy commute. Therefore the homotopy directed
limited homomorphism exists and is a cochain homotopy equivalence, which we call
the action-restriction map and denote by R.
7.8. Multiplicative structure. Our last task is to prove Theorem 1.2, which
says that the action-restriction map R preserves the multiplication structure on
the wrapped Floer cohomology. There are two main difficulties. One is that
the multiplication adds up the action of the chords plus the energy of the inho-
mogeneous pseudoholomorphic triangle, therefore yields maps between truncated
wrapped Floer complexes with different values of truncation. The other is that
there are various choices of Floer data involved. We will give detailed treatment
below.
Suppose we are given admissible Lagrangian submanifolds L0,L1,L2 ⊂M ×N .
Wrapped Floer cohomology has multiplication structure:
m2 : CW ∗(L1,L2;HM,N , JM,N )⊗ CW ∗(L0,L1;HM,N , JM,N )
→ CW ∗(L0,L2;HM,N , JM,N ).
(7.59)
This is defined as the composition
m2 : CW ∗(L1,L2;HM,N , JM,N )⊗ CW ∗(L0,L1;HM,N , JM,N )
→ CW ∗(φ2L0, φ2L2; HM,N
2
◦ φ2, (φ2)∗(JM,N )).
(7.60)
with the isomorphism
CW ∗(φ2L0, φ2L2; (HM,N )
2
◦ φ2, (φ2)∗(JM,N ))
∼= CW ∗(L0,L2;HM,N , JM,N ).
(7.61)
Recall that although the split Hamiltonian HM,N is not admissible in the usual
sense on M × N , we still have regularity and compactness for relevant moduli
spaces of inhomogeneous pseudoholomorphic triangles, as long as suitable Floer
data (of split type) are chosen. The argument is similar to that for defining the
wrapped Floer cohomology using this split Hamiltonian, and is essentially because
the split Hamiltonian also grows fast enough (but not too fast). To be more precise,
we still have the maximum principle for the split Hamiltonian HM,N .
More concretely, as before we should choose a family of split Hamiltonians
HM,N,S : S → H(M) × H(N) as part of the Floer data involved for the defini-
tion of the multiplication structure, which over the 0-th strip-like end agrees with
the constant family
HM,N
4 ◦φ2 (constant with respect to the coordinate on (−∞, 0],
and over the 1-st and 2-nd strip-like ends agrees with HM,N . In order to prove The-
orem 1.2, this family should be chosen to be ”essentially trivial”, in the following
sense.
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Definition 7.9. We say a family of split Hamiltonians HM,N,S = HM,S +HN,S is
essentially constant, if the following conditions hold. There exists a smooth function
ρ : S → [1, 2] which takes the value 1 over the two positive strip-like ends, and 2
over the negative strip-like ends, such that we can write HM,S,s =
HM
ρ(s)2 ◦ φρ(s)M and
HN,S,s =
HN
ρ(s)2 ◦ φρ(s)N .
It does not harm to consider only these kinds of families of Hamiltonians as part
of Floer data for S, since transversality of the moduli space of inhomogeneous
pseudoholomorphic triangles can be achieved by generically perturbing JS (see
Lemma 2.7 and Lemma 3.3), as long as the family of Hamiltonians is domain-
dependent, and each member in this family satisfies non-degeneracy condition on
Hamiltonian dynamics and Reeb dynamics, which we assumed at the beginning.
The moduli space of inhomogeneous pseudoholomorphic triangles defined using
this choice of Floer datum is then regular and can be compatified as before. In
particular, we can use it to define the above-mentioned multiplication (7.59).
Choose the filtration number a > 0 greater than max (|fL0 |+ |fL1 |+ |fL2 |) +
. Thus the truncated Floer cochain complexes CW ∗(−b,a](Li,Lj ;HM,N , JM,N ) in-
cludes all Hamiltonian chords in the interior of M × N . Regarding the action
filtration, we note by the action-energy identity (3.10) that it defines the following
map on truncated Floer complexes.
m2 : CW ∗(−b,a](L1,L2;HM,N , JM,N )⊗ CW ∗(−b,a](L0,L1;HM,N , JM,N )
→ CW ∗(−2b,a](L0,L2;HM,N , JM,N ).
(7.62)
The action of every output chord is still less than or equal to a, because there are
no chords having higher action by our choice of HM and HN .
Similarly, we have multiplication map
m2 : CW ∗(−b,a](L1,L2;Kb, Jb)⊗ CW ∗(−b,a](L0,L1;Kb, Jb)
→ CW ∗(−2b,a](L0,L2;Kb, Jb).
(7.63)
However, we notice a small technical difficulty here: there is only the inclusion
CW ∗(−b,a](L0,L2;Kb, Jb)→ CW ∗(−2b,a](L0,L2;HM,N , JM,N ),
but that is not defined on CW ∗(−2b,a](L0,L2;Kb, Jb). The way of resolving this issue
is to define a new multiplication map
m2b,2b : CW
∗
(−b,a](L1,L2;Kb, Jb)⊗ CW ∗(−b,a](L0,L1;Kb, Jb)
→ CW ∗(−2b,a](L0,L2;K2b, J2b).
(7.64)
using the cochain homotopy equivalence hb. Recall that hb is defined on the whole
Floer cochain complexes, not necessarily restricted to the specific action range
(−b, a]. In particular,
hb : CW
∗
(−2b,a](L0,L2;Kb, Jb)→ CW ∗(−2b,a](L0,L2;K,J)
is defined, and is also a cochain homotopy equivalence. Consider also the cochain
homotopy equivalence
h2b : CW
∗
(−2b,a](L0,L2;K2b, J2b)→ CW ∗(−2b,a](L0,L2;K,J).
Consider the canonical cochain homotopy inverse g2b of h2b, which is defined by
using the backward homotopy of Hamiltonians that is used to define h2b. Then the
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composition
g2b ◦ hb : CW ∗(−2b,a](L0,L2;Kb, Jb)→ CW ∗(−2b,a](L0,L2;K2b, J2b)
is a cochain homotopy equivalence, which gives the desired new multiplication map
when composed with the original multiplication map.
The failure of strict commutativity of the multiplication on CW ∗(−b,a](L1,L2;HM,N , JM,N )
and the multiplication m2b,2b is mainly caused by the use of homotopy of Hamil-
tonians. Fortunately, continuation maps are unique up to cochain homotopy, and
any two cochain homotopies are related by a higher order homotopy, canonical
up to higher order homotopies. Choosing a smooth deformation from one config-
uration to the other amounts to a family of geometric data parametrized by an
additional parameter besides the domain parameter. Counting rigid elements in
the parametrized moduli space defines the desired cochain homotopy:
R2b,2b :CW
∗
(−b,a](L1,L2;HM,N , JM,N )⊗ CW ∗(−b,a](L0,L1;HM,N , JM,N )
→ CW ∗−1(−2b,a](L0,L2;K2b, J2b),
(7.65)
between m2b,2b ◦ (Rb ⊗Rb) and R2b ⊗m2HM,N .
The detailed construction of the cochain homotopy R2b,2b is based on the idea
of repeating the construction for each member of the domain-dependent family of
Hamiltonians HS : S → H(M)×H(N) to get a domain-dependent smooth family
of admissible Hamiltonians KS , such that every KS,s is admissible i.e. is convex,
increasing in the radial coordinate over the cylindrical end, and quadratic away
from a compact set. It suffices to carry out this construction for an essentially
trivial family of split Hamiltonians as before. Over each of the two positive strip-
like ends, the family is a translation invariant family which agrees with the split
Hamiltonian HM,N , and we modify it to the admissible Hamiltonian Kb as before
and think of that as a translation invariant family over the strip-like end. Over
the negative strip-like end, the family is also translation invariant and agrees with
HM,N
4 ◦ φ2, and we modify it to the admissible Hamiltonian K2b4 ◦ φ2. As for s ∈ S
not in the strip-like ends, the choice of KS,s is more flexible. We will not list all
possible choices, but work with a natural one: we modify HS,s =
HM,N
ρ(s)2 ◦ φρ(s) to
Kρ(s)b
ρ(s)2 ◦φρ(s) (so in fact, this choice also matches up the previous modification over
the strip-like ends). We can view this construction as a family version of action-
restriction maps. Let us review some basic properties of the function Kρ(s)b. Write
As =
√
ρ(s)A,A1,s =
√
ρ(s)A1, Bs =
√
ρ(s)B and Cs = (As − 34 )2. For each
s ∈ S, the function Kρ(s)b satisfies the following conditions:
(a) Kρ(s)b is convex and non-decreasing in the radial coordinate r on Σ ×
[1,+∞), and agrees with HS,s on the region {r1 ≤ As − , r2 ≤ As − };
(b) In the region {As ≤ r1 ≤ A1,s, As ≤ r2 ≤ A1,s}, Kρ(s)b is constant equal to
2Cs;
(c) KS,s(z, r) =
1
5r
2 + 2Cs − (Bs + )2 for r ≥ Bs + ;
We also modify the S-dependent family of almost complex structures of split
type JM,N,S = JM,S × JN,S , where for every s, JM,S,s and JN,S,s may be assumed
to be almost complex structures of contact type, to a family of admissible almost
complex structures JS , in a similar way. But we allow further perturbations of the
almost complex structures within the class of the admissible ones.
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In this way, we obtain a new Floer datum for the disk with three boundary
punctures, which is used to define the map
R2b ◦m2HM,N ,JM,N ◦ (R−1b ⊗R−1b ),
and has the same behavior as the one used to definem2b,2b over the strip-like ends, ex-
cept that the latter involves additional compactly-supported homotopies of Hamil-
tonians. This family of data gives rise to a parametrized moduli space of inhomoge-
neous pseudoholomorphic triangles, and counting elements in the zero-dimensional
part of the parametrized moduli space defines the map (7.65). Then a standard
gluing argument shows that this is a cochain homotopy between m2b,2b ◦ (Rb ⊗Rb)
and R2b ⊗m2HM,N .
To finish the proof of Theorem 1.2, we need an argument from homological alge-
bra. To save space, let us denote CW ∗(L0,L1;HM,N , JM,N ) by CW ∗(L0,L1;H),
similar for other Lagrangian submanifolds and Hamiltonians. We have the following
diagram:
(7.66)
CW ∗(−b,a](L1,L2;H)⊗ CW ∗(−b,a](L0,L1;H)
R2b,2b−−−−→ CW ∗−1(−2b,a](L0,L2;K2b)yi⊗i yi
CW ∗(−2b,a](L1,L2;H)⊗ CW ∗(−2b,a](L0,L1;H)
R22b,4b−−−−→ CW ∗−1(−4b,a](L0,L2;K4b)
To prove that the homotopy direct limit of R2b,2b exists as b → +∞, it suffices
to show that R2b,2b is compatible with R
2
2b,4b under the natural inclusions (all de-
noted by i) with respect to the action filtration, i.e. the above diagram homotopy
commutes.
This can be easily seen by writing down all other possible diagrams related to
the one above:
(7.67)
CW ∗(−b,a](L1,L2;H)⊗ CW ∗(−b,a](L0,L1;H)
m2 //
Rb⊗Rb

R2b,2b
+1
++
CW ∗(−2b,a](L0,L2;H)
R2b

CW ∗(−b,a](L1,L2;Kb)⊗ CW ∗(−b,a](L0,L1;Kb)
m2b,2b //

CW ∗(−2b,a](L0,L2;K2b)

CW ∗(−2b,a](L1,L2;H)⊗ CW ∗(−2b,a](L0,L1;H)
m2 //
R2b⊗R2b

R22b,4b
+1
++
CW ∗(−4b,a](L0,L2;H)
R4b

CW ∗(−2b,a](L1,L2;K2b)⊗ CW ∗(−2b,a](L0,L1;K2b)
m22b,4b // CW ∗(−4b,a](L0,L2;K4b)
To prove the diagram (7.66) is homotopy commutative, we recall that the definition
of R2b,2b (and R
2
2b,4b) mainly depends on the choice of a homotopy between the
above-mentioned data involved in the definition of the two different multiplication
maps. Two different choices of homotopies can be connected by a higher homotopy.
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This higher homotopy then defines a parametrized moduli space, using which we
can construct the desired cochain homotopy between R22b,4b ◦ (i⊗ i) and i ◦R2b,2b.
Remark 7.10. Note this is not a statement about homotopy associativity, i.e. the
A∞-structure. Rather, this is similar to the general feature of homotopy method
in Floer theory - the resulting continuation maps are unique up to homotopy, and
homotopies are unique up to higher homotopies.
However, we can also phrase this in terms of A∞-associativity, by extending the
maps to A∞-functors. This will be the topic of [Gao].
We then compose R2b,2b with the cochain homotopy equivalence
(7.68) h2b : CW
∗
(−2b,a](L0,L2;K2b, J2b)→ CW ∗(−2b,a](L0,L2;K,J)
and similarly R22b,4b with h4b. It is clear that h2b and h4b combined with obvious
inclusion maps form a homotopy commutative diagram where the homotopy be-
tween the two compositions is also a choice arising in homotopy method in Floer
theory. This fact, combined with homotopy commutativity of the diagram 7.66
implies that the homotopy directed limit of h2b ◦R2b,2b exists, which gives rise to a
map of degree −1:
(7.69)
R2 : CW ∗(L0,L1;HM,N , JM,N )⊗CW ∗(L0,L1;HM,N , JM,N )→ CW ∗−1(L0,L1;K,J).
Since the action restriction map is also defined as a homotopy direct limit, and at
each finite stage R2b,2b ◦ h2b serves as a cochain homotopy between the apparent
maps described as before, it follows by definition of homotopy directed limit that
R2 is a cochain homotopy between m2K,J ◦ (R⊗R) and R⊗m2HM,N ,JM,N as stated
in the statement of Theorem 1.2.
7.9. Concluding remark. We finally remark that this construction can be ex-
tended to studying higher order multiplications on wrapped Floer cochain com-
plexes among an arbitrary but fixed finite collection of conical Lagrangian subman-
ifolds, in principle without any trouble but requiring more careful work. The issue
with the entire wrapped Fukaya category is that there are in principle infinitely
many Lagrangian submanifolds to consider, while in our construction, the number
a chosen to filter the wrapped Floer cochain complex has to be dependent of the
Lagrangian submanifolds involved, because we need to control the contribution of
the primitives to the action. It does not seem easy to check the A∞-equation. This
is the reason that we have only dealt with the cohomology categories of wrapped
Fukaya categories so far, although the definition of the chain-level wrapped Fukaya
category is quite standard.
If the Liouville manifold is nondegenerate in the sense of [Gan13], meaning that
every object of the wrapped Fukaya category is in the idempotent image of a finite
collection of Lagrangian submanifolds, then we can just work with this finite col-
lection of Lagrangian submanifolds and use homological algebra to get the desired
statement for the entire wrapped Fukaya category, or at least the category of per-
fect complexes over it. This is an evidence that the general statement that the two
models of wrapped Fukaya categories are quasi-isomorphic should be true, which
will be investigated in the upcoming work [Gao].
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Appendix A. Orientation
A.1. Statement of the result. This appendix is provided to study orientations
on the moduli space of quilted maps that we used in subsection 6.3 in which we
prove that the geometric composition represents the quilted wrapped Floer module,
in order for the map gc to be defined over Z. Now as the basic ingredients regarding
orientations are well-known, we will not repeat those here.
Let L′ = L ◦HM L be the geometric composition, which is assumed to be a
proper embedding. Denote by N ((γ0, γ1), e; θ) the moduli space of quilted inho-
mogeneous pseudoholomorphic maps, which asymptotically converge to generalized
chord (γ0, γ1) at the positive quilted end, and to HN -chord θ from L
′ to itself at
the negative strip-like end, and to the unique generalized chord e for (L,L, L′ that
corresponds to the unit for wrapped Floer cohomology of L′, as in subsection 6.3.
Proposition A.1. The moduli space N ((γ0, γ1), e; θ) carries a canonical orien-
tation, determined by the isomorphism classes of spin structures on L,L and L′.
Moreover, this orientation is consistent with the ones on the moduli spaces of in-
homogeneous pseudoholomorphic quilted strips M(γ01 , γ11), (γ0, γ1)) as well as the
ones on the moduli spaces of inhomogeneous pseudoholomorphic strips M(θ, θ1)
with boundary on (L′, L′), which have interaction with N ((γ0, γ1), e; θ) via gluing,
giving neighborhoods of the boundary strata of the compactified moduli space of those
quilted maps.
A.2. The orientation line. Given a time-one Hamiltonian chord γ from L0 to L1,
there is an associated orientation line oγ , which is determined by the isomorphism
class of the spin structures on L0 and L1, which we fix at the beginning. The reader
is referred to section 11 of [Sei08] for the definitions.
The general theory as in [FOOO09b], and [Sei08] which fits better into our frame-
work, then relates the orientation lines to orientations of moduli spaces of punctured
(inhomogeneous) pseudoholomorphic curves to a single symplectic manifold M with
asymptotic conditions converging to the given Hamiltonian chords.
Given a generalized chord (γ0, γ1) for a triple (L,L, L′), the associated orienta-
tion line is defined as follows. (γ0, γ1) corresponds to a unique time-one Hamil-
tonian chord in the product M− × N from L to L × L′, which is defined as
Γ(t) = (γ0(1 − t), γ1(t)). Now the spin structures on L and L × L′ determine
lifts of their tangent spaces from the Lagrangian Grassmannian to the brane Grass-
mannian. Choose any path λ˜ : [0, 1]→ L˜AG(T (M−×N)) connecting the linear La-
grangian branes which are the lifts of the two Lagrangian subspaces T(γ0(1),γ1(0))L
and T(γ0(0),γ1(1))(L × L′). A priori, these Lagrangian subspaces live in different
symplectic vector spaces, but can be put into the same one canonically using the
parallel transport along the path given by the Hamiltonian chord Γ with respect
to the symplectic connection on T (M− × N). Let λ be the underlying path in
the Lagrangian Grassmannian LAG(T (M− × N)) connecting T(γ0(1),γ1(0))L and
T(γ0(0),γ1(1))(L× L′).
There is a unique homotopy class of trivialization of the pullback of T (M−×N)
by Γ which is compatible with the Calabi-Yau structure, i.e. the trivialization of
the canonical bundle ΛtopT (M− × N). Let H be the upper half-plane, which we
think of as being a one-punctured disk equipped with a negative strip-like end near
the puncture. Consider an inhomogeneous pseudoholomorphic map
(A.1) w : H →M− ×N,
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defined with respect to the split Hamiltonian HM,N and product almost complex
structure −JM × JN , which asymptotically converges to Γ over the negative strip-
like end of H. Add an interval at infinity {−∞}× [0, 1] to compactify H. Choose a
symplectic trivialization of the pullback bundle E = w∗T (M− ×N) over H which
extends to the interval at infinity and is compatible with that of Γ∗T (M− × N),
thought of as a symplectic vector bundle on the interval at infinity. Specify a
Lagrangian subbundle Fλ of E|∂H by
(A.2) Fλ,s = λ(ψ(s)),
where λ is the path in the Lagrangian Grassmannian as before, while ψ : ∂H =
R → [0, 1] is a smooth non-decreasing function such that ψ(s) = 0 for s  0,
ψ(s) = 1 for s 1 and ψ′(s) > 0 for all s where ψ(s) ∈ (0, 1), which can be chosen
once-for-all and independent of everything. Denote by E¯ the extension of E to
the compactification H¯ of H, and let F¯ be the Lagrangian subbundle of E¯| ¯∂H by
asymptotic extension of the Lagrangian subbundle Fλ, where ¯∂H is the closure of
∂H in H¯, but not ∂H¯.
The linearized operator DH,λ of the inhomogeneous pseudoholomorphic curve
equation for w is then a Cauchy-Riemann operator on the bundle E with Lagrangian
boundary condition Fλ, with respect to the pullback almost complex structure IE
and the connection ∇E induced by the Hamiltonian vector field. Now deform the
almost complex structure IE¯ on the extended bundle E¯ to the constant complex
structure on the trivial bundle with respect to the chosen trivialization, and de-
form ∇E¯ to the trivial connection. Then the Cauchy-Riemann operator on the
extended bundle E¯ can be deformed through Fredholm operators to the standard
Dolbeault operator on the trivial bundle over H¯ with Lagrangian subbundle F¯ ,
now identified with a Lagrangian subbundle of the trivial bundle. For the standard
Dolbeault operator we can easily define its determinant line, which should of course
be canonically isomorphic to the determinant line of the operator DH,λ.
Definition A.2. The orientation line o(γ0,γ1) for the generalized chord (γ
0, γ1) is
the determinant line det(DH,λ) of the Cauchy-Riemann operator DH,λ.
This definition of orientation line is independent of choices of λ˜, up to canonical
isomorphism, as proven in section 11 of [Sei08].
The orientation line oe for the generalized chord e is defined in a similar way.
But let us consider the upper half-plane H˜ thought of as being equipped with a
positive strip-like end instead of a negative one. Following the same construction,
this would yield the definition of the inverse orientation line o−e , i.e. the dual of the
orientation line.
A.3. The linearized problem associated to the quilted map. We shall now
try to adapt the general theory on orientations of moduli spaces of pseudoholomor-
phic curves to the pseudoholomorphic quilts that we used in subsection 6.3. This
begins with the study of the linearized operator associated to the inhomogeneous
pseudoholomorphic quilted map.
At a point (u, v) ∈ N ((γ0, γ1), e; θ), the tangent space to the moduli space is
modeled on the Fredholm complex of a non-degenerate Cauchy-Riemann operator
D, which is the linearized operator of the Floer’s equations for (u, v). More pre-
cisely, this Cauchy-Riemann operator acts on the space of pairs of sections of the
bundle pair (u∗TM, v∗TN) which satisfy Lagrangian boundary conditions given
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by linearizing the Lagrangian boundary conditions (L,L, L′) for the quilted map
(u, v), and sends them to pairs of (0, 1)-forms with values in the bundle pair. For
a generic choice of Floer datum, the Fredholm operator is surjective, and therefore
(A.3) ker(D)→ 0
is a finite-dimensional reduction and the tangent space is isomorphic to ker(D). An
orientation is a choice of isomorphism class of the top exterior power Λtop kerD,
i.e. the determinant line det(D).
A.4. The choice of orientation. The orientation lines o(γ0,γ1) and oe associated
to the generalized chords (γ0, γ1) and respectively e for (L,L, L′) are defined with
respect to the chosen trivializations of the pullbacks of TM− and TN . Again, the
orientation lines are well-defined and determined by the spin structures on L and
L× L′, where the latter spin structure is the direct product of those on L and L′.
Suppose for the moment that we do not have that negative puncture on the
second patch of the quilted surface. Then that can be regarded as a quilted disk
with one positive quilted end and one negative quilted end. However, we should
remember that the boundary of the second patch carries an additional marked point
so that there is no translation symmetry on this marked quilted surface. By folding
the quilt, we get a map defined on the two punctured disk with two punctures
z+, z− equipped with positive/negative strip-like ends to M− ×N :
(A.4) f : S = D \ {z+, z−} →M− ×N,
with Lagrangian boundary condition given by the pair (L, L×L′). Denote by DS,ν
the linearized operator, where ν : ∂S → LAG(TM) is the Lagrangian boundary
condition, which is locally constant on the strip-like ends. The last condition says
near the puncture z+ where the map asymptotically converges to (γ
0, γ1), the linear
Lagrangian boundary condition ν is equal to (T(γ0(1),γ1(0))L, T(γ0(0),γ1(1))(L×L′)) on
each boundary of the strip-like end, and near z−, the linear Lagrangian boundary
condition ν is equal to (Te(0)L, Te(1)(L × L′)) on each boundary of the strip-like
end. Since we have chosen the spin structures, the Lagrangian boundary condition
ν : ∂S → LAG(TM) has a preferred lift to the brane Grassmannian L˜AG(TM).
Denote by R((γ0, γ1), e) the moduli space of the above inhomogeneous pseudo-
holomorphic maps f . The following proposition follows from the general theory
which assigns orientations to inhomogeneous pseudoholomorphic maps from punc-
tured Riemann surfaces (Proposition 11.13 of [Sei08]).
Proposition A.3. Let C¯ ∼= S1 be the boundary circle of the compactified surface
S¯ = D, and z+, z− the two punctures. Fix a marked point p ∈ C¯ {m } inus{z+, z−}
mapping to a Lagrangian L or L × L′. Assuming the moduli space R((x, y), e) is
regular at a point f , then
(A.5) Λtop(TfR((γ0, γ1), e)) ∼= det(DS,ν) ∼= o−1(γ0,γ1) ⊗ oe.
Now going back to the original quilted surface, we need to take into account
the additional negative puncture on the boundary of the second patch, where the
quilted map asymptotically converges to the time-one Hamiltonian chord θ from L′
to itself. Again, there is a unique homotopy class of trivialization of the pullback
of TN by θ which is compatible with the trivialization of the canonical bundle
ΛtopTN . Consider a smooth map
(A.6) g : H˜ → N,
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which limits to θ over the positive strip-like end. The linearized inhomogeneous
Cauchy-Riemann operator with respect to the chosen trivialization is denoted by
DH˜,µ, where µ : ∂H˜ → LAG(TM) is the linear Lagrangian boundary condition un-
derlying the chosen path in the brane Grassmannian connecting the lifts of Tθ(0)L
′
and Tθ(1)L
′. The determinant DH˜,µ is then the inverse orientation line o
−
θ , which
is well-defined and independent of the choice of paths in the brane Grassmannian.
We may glue this map g to the quilted map (u, v) to get a map f , and correspond-
ingly the linearized Cauchy-Riemann operators D and DH˜,µ also glue together to
form the operator DS,ν . Applying the gluing formular for Cauchy-Riemann opera-
tors as in section (11c) of [Sei08], we deduce that
(A.7) det(DS,ν)⊗ ∼= det(D)⊗ det(DH˜,µ).
On the other hand, det(DH˜,µ) is by definition the inverse orientation line o
−
θ of θ,
so we conclude that:
Corollary A.4. The assumptions are the same as those in Proposition A.3. At
a smooth point (u, v) of the moduli space N ((γ0, γ1), e; θ), we have a preferred
isomorphism
(A.8) ΛtopT(u,v)N ((γ0, γ1), e; θ) ∼= det(D) ∼= o−(γ0,γ1) ⊗ oe ⊗ oθ.
This defines the orientation on the moduli space N ((γ0, γ1), e; θ). It is straight-
forward from the definitions to see that this orientation is consistent with the ori-
entations on the moduli spaces of inhomogeneous pseudoholomorphic quilted strips
as well as the one on the moduli space of inhomogeneous pseudoholomorphic strips
with boundary on (L′, L′), which have interaction with N ((γ0, γ1), e; θ). For in-
stance, we can see this again using the gluing formula for the Cauchy-Riemann
operators. Now the proof of Proposition A.1 is complete.
References
[AAE+13] Mohammed Abouzaid, Denis Auroux, Alexander I. Efimov, Ludmil Katzarkov, and
Dmitri Orlov. Homological mirror symmetry for punctured spheres. J. Amer. Math.
Soc., 26(4):1051–1083, 2013.
[Abo10] Mohammed Abouzaid. A geometric criterion for generating the Fukaya category.
Publ. Math. Inst. Hautes E´tudes Sci., (112):191–240, 2010.
[AJ10] Manabu Akaho and Dominic Joyce. Immersed Lagrangian Floer theory. J. Differen-
tial Geom., 86(3):381–500, 2010.
[AS10] Mohammed Abouzaid and Paul Seidel. An open string analogue of Viterbo functori-
ality. Geom. Topol., 14(2):627–718, 2010.
[Aur07] Denis Auroux. Mirror symmetry and T -duality in the complement of an anticanonical
divisor. J. Go¨kova Geom. Topol. GGT, 1:51–91, 2007.
[FOOO09a] Kenji Fukaya, Yong-Geun Oh, Hiroshi Ohta, and Kaoru Ono. Lagrangian intersection
Floer theory: anomaly and obstruction. Part I, volume 46 of AMS/IP Studies in Ad-
vanced Mathematics. American Mathematical Society, Providence, RI; International
Press, Somerville, MA, 2009.
[FOOO09b] Kenji Fukaya, Yong-Geun Oh, Hiroshi Ohta, and Kaoru Ono. Lagrangian intersection
Floer theory: anomaly and obstruction. Part II, volume 46 of AMS/IP Studies in Ad-
vanced Mathematics. American Mathematical Society, Providence, RI; International
Press, Somerville, MA, 2009.
[FOOO12] K. Fukaya, Y.-G. Oh, H. Ohta, and K. Ono. Technical details on Kuranishi structure
and virtual fundamental chain. arXiv:1209.4410, pages 1–257, 2012.
[Fuk02] Kenji Fukaya. Floer homology and mirror symmetry. II. In Minimal surfaces, geo-
metric analysis and symplectic geometry (Baltimore, MD, 1999), volume 34 of Adv.
Stud. Pure Math., pages 31–127. Math. Soc. Japan, Tokyo, 2002.
70 YUAN GAO
[Fuk15] Kenji Fukaya. SO(3)-Floer homology of 3-manifolds with boundary 1.
arXiv:1506.01435, pages 1–80, 2015.
[Gan13] Sheel Ganatra. Symplectic cohomology and duality for the wrapped Fukaya category.
PhD thesis, MIT, 2013.
[Gao] Yuan Gao. Functors of wrapped Fukaya categories from Lagrangian correspondences.
in preparation.
[GHK15] Mark Gross, Paul Hacking, and Sean Keel. Mirror symmetry for log calabi-yau sur-
faces i. Publications mathe´matiques de l’IHE´S, 122(1):65–168, 2015.
[GP16] S. Ganatra and D. Pomerleano. A Log PSS morphism with applications to Lagrangian
embeddings. ArXiv e-prints, November 2016.
[Oan06] Alexandru Oancea. The Ku¨nneth formula in Floer homology for manifolds with re-
stricted contact type boundary. Math. Ann., 334(1):65–89, 2006.
[Pas13] J. Pascaleff. On the symplectic cohomology of log Calabi-Yau surfaces. ArXiv e-
prints, April 2013.
[Sei08] Paul Seidel. Fukaya categories and Picard-Lefschetz theory. Zurich Lectures in Ad-
vanced Mathematics. European Mathematical Society (EMS), Zu¨rich, 2008.
[WW10a] Katrin Wehrheim and Chris T. Woodward. Functoriality for Lagrangian correspon-
dences in Floer theory. Quantum Topol., 1(2):129–170, 2010.
[WW10b] Katrin Wehrheim and Chris T. Woodward. Quilted Floer cohomology. Geom. Topol.,
14(2):833–902, 2010.
[WW12] Katrin Wehrheim and Chris T. Woodward. Floer cohomology and geometric compo-
sition of Lagrangian correspondences. Adv. Math., 230(1):177–228, 2012.
[WW15a] Katrin Wehrheim and Chris T. Woodward. Orientations for pseudoholomorphic
quilts. arXiv:1503.07803, pages 1–56, 2015.
[WW15b] Katrin Wehrheim and Chris T. Woodward. Pseudoholomorphic Quilts.
arXiv:0905.1369, pages 1–34, 2015.
1Department of Mathematics, Stony Brook University, Stony Brook NY, 11794, USA
E-mail address: ygao@math.stonybrook.edu
